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Introduction

Dynamic Programming (DP). Dynamic Programming is an algorithmic technique used for solving
sequential, or multi-stage, decision problems and is a fundamental tool in combinatorial optimization (e.g.,
[Hoc97], Section 2.5 in [ACG+ 99], and Chapter 8 in [Vaz01]). The first work done on fully polynomial time
approximation schemes could be tracked back to the mid-70s, starting with the classic work of Horowitz,
Ibarra, Kim and Sahni [HS76, IK75, Sah76] on scheduling and knapsack problems. Those first FPTASs were
based on discrete time finite time horizon dynamic programming formulations, which find an exact optimal
solution in pseudo-polynomial time. A discrete time finite time horizon dynamic program is to find an
optimal policy over a finite time horizon that minimizes the average cost. At the beginning of a time period,
the state of the system is observed and next an action is taken. Based on exogenous stochastic information,
the state, and the action, the system transitions into a new state at the beginning of the next time period.
Simultaneously, a single period cost is incurred.
We can formally model this by means of the optimality or Bellman equation. To this end, let zt (It ) be
the cost-to-go or value function. The value zt (It ) is simply the cost of an optimal policy from time period
t to the end of the time horizon, given that at the beginning of time period t the state is It . The equation
reads
zt (It ) = min EDt {gt (It , xt , Dt ) + zt+1 (ft (It , xt , Dt ))}.
(1)
xt ∈At (It )

Here xt is the action, At (It ) is the action set, and Dt is a random variable corresponding to the stochastic
exogenous information flow. The random variables are assumed to be independent, and are not necessarily
identically distributed. The system dynamics are denoted by function ft , and the incurred cost is gt . In our
context It and xt are one-dimensional and Dt is a fixed-dimensional vector.
Convex/Monotone DP. We study three special cases of such dynamic programs. In the first case the
system dynamics are linear in the state It and the action xt , and the cost function gt is convex, for every t.
Under these assumptions, we show that zt is a convex function for every t. We call this the convex case. In
the second case we require that gt is nonincreasing in It and can be expressed as the sum of two functions
monotone in xt . We also require that ft is nondecreasing in It and monotone in xt , for every time period
t. In this case, the value function is nonincreasing, and we address it as the nonincreasing case. The third
case, whose conditions are analogous to the nonincreasing case, is called the nondecreasing case. We refer to
these last two cases as the monotone cases.
Fully Polynomial Time Approximation Schemes. Among algorithms with performance guarantees
on the maximum amount of relative error, Fully Polynomial Time Approximation Schemes (FPTASs) are
by far the strongest results. For any given tolerance ², an FPTAS generates a solution with a relative error
guaranteed to be no more than ², while the running time of the algorithm is polynomial in 1/² and in the
size of the problem. The essence of FPTASs is to use a discrete approximation in which the number of bits of
precision used for the cost functions is at most logarithmic in the data and in 1/² (so that the algorithm will
be polynomial time), and so that no other data is approximated. It is critical to design the algorithms and
the approximations so that small errors at one stage do not turn into large errors at subsequent stages. Early
work on FPTASs was pioneered by Horowitz and Sahni [HS76], Ibarra and Kim [IK75], and Sahni [Sah76],
and since then, the most common techniques for constructing FPTASs are dominance (i.e., omitting states
and actions of the DP which are dominated, or approximately dominated, by another state or action) and
scaling and rounding the data (see, for example, section 2.5 in [ACG+ 99] and [Hoc97]). Many FPTASs are
easily constructed once the key ideas from [IK75, Sah76] are understood. But other FPTASs require great
care in the algorithm design and analysis. We note that if FPTASs were easily developed whenever they
exist, there would have been FPTASs for stochastic optimization prior to our result in 2006 ([HKM+ 06]).
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Our results. In this paper we introduce a general framework for obtaining FPTASs for stochastic dynamic
programs, and show that by making use of this framework, we can construct FPTASs for a number of difficult
stochastic and deterministic optimization problems. These problems are all NP-hard; they have no known
FPTASs; and they cover a broad range of applications. Our main result is the development of an initial
sufficient set of conditions that guarantee the existence of an FPTAS, and the construction of such an FPTAS.
In this way we get a framework for obtaining an FPTAS to any stochastic univariate convex or monotone
dynamic program (with independent random variables). We show that our framework can handle several
well-studied cases of non-independent random variables. We show that it is not possible to extend our
framework for general non-independent random variables, unless P = N P .
Our approach. In a previous work [HKM+ 06], we have studied a single-item stochastic dynamic inventory
control problem. In that work, we introduced the notions of K-approximation sets and K-approximation
functions and “tailor” it to the specific functions involved in a certain formulation of the inventory control
problem. Using this novel technique (which is different from dominance and/or scaling), we provide an ad-hoc
FPTAS for the inventory control problem. Our current work makes use of the notion of K-approximation
sets and functions as well, but we target at the development of a general framework for FPTAS construction. For this sake we provide two sets of general computational rules for manipulating K-approximation
functions and K-approximation sets, which we call Calculus of K-approximation functions and Calculus
of K-approximation sets, respectively. While the Calculus of K-approximation functions bounds the approximation ratio of the resulting functions (see last column in Table 1), the Calculus of K-approximation
sets consists of a set of permissible operations on functions such that the resulting functions can be approximated without performing any additional queries to the original functions. Assuming ϕ̃i and Wi are
Ki -approximation function and Ki -approximation set of a given function ϕi , i = 1, 2, and α, β are nonnegative reals, Table 1 summarizes which operations on which functions admit an approximation set without
further querying the functions involved. For instance, min{ϕ̃1 , ϕ̃2 } serves as a max{K1 , K2 }-approximation
function of min{ϕ1 , ϕ2 }. Moreover, W1 ∪ W2 serves as a max{K1 , K2 }-approximation set for min{ϕ1 , ϕ2 },
whenever ϕ1 , ϕ2 are monotone functions.
operation (nickname) / ϕi
ϕ(ψ) (composition)
α + βϕ1 (linearity)
max{ϕ1 , ϕ2 } (maximization)
min{ϕ1 , ϕ2 } (minimization)
ϕ1 + ϕ2 (summation)

unimodal
Prp. 6.1 (2)
Prp. 6.1 (3)
Prp. 6.1 (4)
-

monotone
Prp. 6.1 (2)
Prp. 6.1 (3)
Prp. 6.1 (4)
Prp. 6.2 (2)
Prp. 6.2 (1)

convex
Prp. 6.1 (2)
Prp. 6.1 (3)
Prp. 6.1 (4)
Prp. 6.3 (1)

apx. set
ψ −1 (W1 )
W1
W1 ∪ W2
W1 ∪ W2
W1 ∪ W2

apx. ratio (Prp. 5.1)
K1
K1
max{K1 , K2 }
max{K1 , K2 }
max{K1 , K2 }

Table 1: The Calculus of K-approximation Sets and Functions.
The calculus serves as a simple (and often automated) tool for the analyses for error propagations for
monotone, unimodal, and convex functions. While some of the rules and procedures in the calculus are very
straightforward, others are far more subtle (including some of the rules restricted to convex functions) and
require careful analysis.
Applications. Our newly developed framework has numerous applications. In this paper we present nine
examples of such application problems. No known FPTAS has been reported in the literature for any of
these problems except for problem 5. The first three problems are variants of the classical 0/1 knapsack
problem:
1. Stochastic ordered adaptive knapsack problem [DGV04]: The input consists of the knapsack
volume B, and a description of n items. The items arrive in a predefined order. Item i has deterministic
profit πi and a stochastic volume vi , whose distribution is known in advance. The task is to maximize the
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expected total profit from items successfully placed in the knapsack (i.e., whose total volume does not exceed
the knapsack volume). The actual volume of an item is unknown until we instantiate it by attempting to
place it in the knapsack. The problem is called adaptive since the decision about item i is made only after
knowing the actual volumes of the previous items which were selected.
2. Nonlinear knapsack problem [Hoc95, KN09, SO95]: The problem is similar to the classical integer
knapsack problem. Instead of fixed volumes and profits per item, we are given general nondecreasing volume
and profit functions, i.e., placing j items of type i in the knapsack results in total profit πi (j) and requires
volume vi (j). The goal is to maximize the profit from items placed in the knapsack without exceeding its
volume. [Hoc95] gives an FPTAS for the special case where πi is concave and vi is convex for i = 1, . . . , n.
[SO95] give an FPTAS for the special case where πi is general and vi is linear for i = 1, . . . , n.
3. Dynamic capacity expansion problem [San95]: This problem is best viewed as a multi-period
minimum integer knapsack problem. Given a sequence of demands d1 , . . . , dt and a set of items {1, . . . , n}
of various volumes vi and costs ci , we would like to determine a combination of quantities of each of these
items to be placed in a knapsack in each time period. Our objective is to satisfy the accumulated demand
in minimal cost. [San95] gives a pseudo-polynomial time solution for this problem.
4. Time-cost tradeoff machine scheduling problem [CCLL98]: There is a single machine and n
jobs J1 , . . . , Jn . Job Jj has a given due date dj , a late penalty wj , a “normal” processing time p̄j , and a
nonincreasing resource consumption function ρj with ρj (x) = 0 for any x ≥ p̄j . The processing time of Jj ,
denoted as xj , is a nonnegative integer decision variable, and it incurs a cost of ρj (xj ). All jobs are available
for processing at time 0, and job preemption is not allowed. The objective is to determine the job processing
times and to schedule the jobs onto the machine so that the total cost is minimized, Cheng et al. [CCLL98]
have considered a special case of this problem in which ρj is a linear function. We show that this problem
falls under the nonincreasing case.
5. Single-item stochastic inventory control problem [HKM+ 06]: This is a classical problem in supply
chain management (see Chapter 9 in [SCB05] for an overview). In this problem we need to find replenishment
quantities in each time period that minimize the expected procurement and holding/backlogging cost. If we
assume that the holding cost, which includes a potential penalty for backlogging, is convex, and, in addition,
the procurement cost is convex, then we satisfy the convexity assumptions.
6. Batch disposal problem [PP03]: Consider managing a warehouse where a single truck of capacity
Q is available to dispatch the goods. The goods are received randomly based on a distribution known in
advance. The question is whether we dispatch the truck and if yes, what is its load. If we use the truck, a
fixed cost is incurred in addition to a per-unit cost. The goods that remain in the warehouse incur a per-unit
holding cost. We show that this problem falls under the nondecreasing case.
7. Lifetime consumption strategy with risk exposure [Phe62]: There is a single consumer who must
manage her capital in discrete time periods. She can spend some amount of capital, which is governed by
the underlying nondecreasing utility function. The remaining capital yields a stochastic return rate, and,
in addition, she receives a fixed amount of wealth in each time period. The problem is to find an optimal
consumption strategy. We show that this problem falls under the nondecreasing case.
8. Deterministic and stochastic growth models [AC03]: Consider a single consumer with initial
capital who wishes to manage her capital in order to maximize total utility over a finite discrete time
horizon. In each time period the capital grows based on a production function, there is a rate of return 1 − δ
for initial capital, and a utility function.
9. Cash management problem [HW01]: In this problem one needs to manage the cash flow of a mutual
fund. In the beginning of each time period the cash balance can be changed by either selling or buying
stocks. At the end of each time period the net value of deposits/withdrawals is discovered, and consequently
the cash balance of the mutual fund is determined. If the balance is negative, the fund borrows money from
the bank. If the balance is positive, than a cost is incurred due to the fact that the fund’s money could
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have been invested elsewhere. Whenever all these costs are convex functions, then we satisfy the convex
assumptions.
Organization of the paper. We state our model and give the sufficient conditions needed for our framework to work in Section 3. In Section A we give several applications of our model (i.e., formulate a few
problems so that they satisfy the aforementioned conditions). In Section 4 we efficiently build succinct
approximations using the notions of K-approximation sets and functions. We develop the Calculus of Kapproximation functions in Section 5 and the Calculus of K-approximation sets in Section 6. In Section 7 we
develop a theory which links K-approximation sets and functions to dynamic programming. Based upon this
theory, we present in Section 8 our main result for convex DP, namely the FPTAS together with its analysis,
while in Section 9 we present our FPTAS for monotone DP. Several extensions of our framework that deal
with non-independent random vectors, non-exact evaluation of the cost functions, and an analysis of the
structure of an optimal policy for Convex DP, are given in Section 10. We end this paper with some concluding remarks. In the Appendix we give proofs for the statements that were not proven earlier throughout
the paper (mostly concerning the Calculus of K-approximation sets and various hardness results).

2
2.1

Preliminaries
Notation

Let R, Q, Z, N denote the set of real numbers, rational numbers, integers, and positive integers, respectively.
Let D ⊂ R be a finite set of reals. Let Dmin , Dmax denote the minimal and maximal element in D, respectively.
For x < Dmax we let next(x, D) = min{y ∈ D | y > x}. If y = next(x, D) then we let prev(y, D) = x. For
any pair of integers −∞ ≤ A < B ≤ ∞, let [A, . . . , B] denote the set of integers between A and B. We call
[A, . . . , B] a contiguous interval. For every number x ∈ R we let x+ = max{0, x} and x− = max{0, −x}. For
a subset X ⊆ R, we denote by X + the set of nonnegative numbers in X, i.e., X + := {x ∈ X | x ≥ 0}. For
x ∈ R, dxe denotes the smallest integer not smaller than x (rounding up to the nearest integer) and bxc the
largest integer not larger than x (rounding down to the nearest integer. For every Boolean expression X, let
δX be 1 if X is true and 0 otherwise. The base two logarithm of z is denoted by log z.
Let ϕ : D→R be a real-valued function. Let ϕmax = maxx∈D |ϕ(x)| and ϕmin = min{|ϕ(x)| | x ∈
D and ϕ(x) 6= 0}. We denote by tϕ the time needed to evaluate ϕ on a single point in its domain. ϕ is called
unimodal over D if there exists x∗ ∈ D such that ϕ is nonincreasing over D ∩ {x | x ≤ x∗ }, and nondecreasing
over D ∩ {x | x > x∗ }). For any subset D0 ⊆ D, we define the piecewise linear extension of ϕ induced by D0
as the continuous function obtained by making ϕ linear between successive values of D0 .

2.2

Discrete convex functions

For any subset D0 ⊆ D, a function ϕ over a discrete set D is called convex over D0 if its piecewise linear
extension induced by D0 is convex.
We now turn to define convex functions over two-dimensional discrete domains. While the definition of
monotone functions over these domains is straitforward, it is not the case with convex functions as illustrated
in the following key counterexample:
Example 2.1. Let ϕ : R2 →R be defined as ϕ(x, y) = (x − 2y)2 . Clearly, ϕ is convex over R2 . Let
ψ1 , ψ2 : R→R be defined as follows.
ψ1 (x) = min ϕ(x, y),
y∈R

and
ψ2 (x) = min ϕ(x, y).
y∈Z

4

(2)

Since ψ1 ≡ 0, it is trivially convex over R. On the other hand, as ψ2 is 0 for even x’s and is 1 for odd x’s,
it is not convex over R.
This example shows us that if we want ψ2 to be convex over R, we need to impose on ϕ a stronger condition
than being convex on R2 .
Let X S
be a contiguous interval. For every x ∈ X, let Y (x) be a nonempty contiguous interval. Let
X ⊗ Y := x∈X ({x} × Y (x)) ⊂ Z2 , see Figure 1.
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Figure 1: X ⊗ Y for X = {1, 2, 3} and Y (1) = {2, 3}, Y (2) = {2, 3, 4}, Y (3) = {1, 2, 3}.
We restrict our discussion to the special case of sets X ⊗Y for which there exists a convex (and not necessarily
bounded) polyhedron CXY , whose edges slopes are in the set {−∞, −1, 0, 1, ∞} such that X ⊗Y ≡ CXY ∩Z2 .
Such sets are called integrally-convex, see Figure 2 (taken from [Mur03]).
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Figure 2: Concept of integrally-convex sets.
We note that in discrete optimization, discrete analogues of convexity, or “discrete convexity” for short, have
already been considered. Miller [Mil70] investigated a class of discrete functions, called “discretely-convex”
functions, such that local optimality implies global optimality. Favati-Tardella [FT90] considered a certain
special way of extending functions defined over the integer lattice to piecewise-linear functions defined over
the real space, and introduced the concept of “integrally-convex” functions. Murota [Mur03] introduced
the concepts “L-convexity” and “M-convexity”, where “L” stands for “Lattice” and “M” for “Matroid”.
M-convex/L-convex functions have various desirable properties as discrete convex functions: extendibility to
ordinary (continuous) convex functions, duality theorems, conjugacy between M/L-convex functions, etc.
In this paper we show that a sufficient condition for ψ2 in (2) to be convex is that ϕ is defined over
an integrally-convex set, and can be expressed as ϕ(x, y) = ϕ1 (x) + ϕ2 (y) + ω(τ (x, y)), where ϕ1 , ϕ2 , ω are
ordinary univariate convex functions, and τ (x, y) = ax + by + c, where a, c ∈ Z and b ∈ {−1, 0, 1}. This is a
key observation for developing our FPTAS for convex DP.
An alternative sufficient condition for ψ2 in (2) to be convex is that function ϕ is “integrally-convex”, as
defined in [FT90]. Since all the convex problems we solve satisfy the first sufficient condition, we will not
discuss in this paper the second condition.
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3

Model statement

In this section we review a basic model of decision making under stochastic uncertainty over a finite number
of time periods. We consider the following formulation for a finite horizon stochastic dynamic program, as
defined in Bertsekas [Ber95]. The model has two principal features: (1) an underlying discrete time dynamic
system, and (2) a cost function that is additive over time. The system dynamics are of the form
It+1 = ft (It , xt , Dt ),

t = 1, . . . , T,

(3)

where

t is the discrete time index,
It is the state of the system,
xt is the action or decision to be selected in time period t,
Dt is a discrete random variable,
T is the number of time periods.
The cost function is additive in the sense that the cost incurred at time period t, denoted by gt (It , xt , Dt ), is
accumulated over time. Let I1 be the initial state of the system. Given a realization dt of Dt , for t = 1, . . . , T ,
the total cost is
gT +1 (IT +1 ) +

T
X

gt (It , xt , dt ),

t=1

where gT +1 (IT +1 ) is the terminal cost incurred at the end of the process. The problem is to find
(
)
T
X
∗
z (I1 ) := min E gT +1 (IT +1 ) +
gt (It , xt , Dt ) ,
x1 ,...,xT

(4)

t=1

where the expectation is taken with respect to the joint distribution of the random variables involved. The
optimization is over the actions x1 , . . . , xT which are selected with the knowledge of the current state.
The state It is an element of a given state space St , the action xt is constrained to take values in a given
action space At (It ), and the discrete random variable Dt takes values in a given set Dt . The state space and
the action space are one-dimensional. Note that the domain of functions gt and ft is (St ⊗ At ) × Dt . We
state now the well known DP recursion for this model.
Theorem 3.1 (The DP Recursion [Bel57]). For every initial state I1 , the optimal cost z ∗ (I1 ) of the DP
is equal to z1 (I1 ), where the function z1 is given by the last step of the following recursion, which proceeds
backward from period T to period 1:
zT +1 (IT +1 ) = gT +1 (IT +1 ),
zt (It ) =

min

xt ∈At (It )

EDt {gt (It , xt , Dt ) + zt+1 (ft (It , xt , Dt ))} ,

t = 1, . . . , T,

(5)

where the expectation is taken with respect to the probability distribution of Dt .
Note that assuming At (It ) ≡ A and St ≡ S for every t and It ∈ St , the recurrence given in (5) yields an
exact solution for z1 (I1 ) in O(T |A||S|) time, which is pseudopolynomial in the input size, i.e., the cardinality
of these sets may be exponential in the (binary) input size.
The input data of the problem consists of the number of time periods T , the initial state I1 , an oracle
that evaluates gT +1 , and for each time period t = 1, . . . , T , oracles that evaluate the functions gt and ft , and
the discrete random variable Dt . For each Dt we are given nt , the number of different values it admits with
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positive probability, and its support Dt := {dt,1 , . . . , dt,nt }, where dt,i < dt,j for i < j. Moreover, we are also
given positive integers qt,1 , . . . , qt,nt such that
qt,i
Prob[Dt = dt,i ] = Pnt

j=1 qt,j

.

We define for every t = 1, . . . , T and i = 1, . . . , nt the following values:
pt,i = Prob[Dt = dt,i ] probability that Dt has the value dt,i in time period t;
n∗ = maxt nt
maximum number of different values Dt can take over the entire
time horizon;
P
D∗ = Tt=1 dt,nt
maximum possible total value the random variables can take over
the entire time horizon;
P t
Qt = nj=1
qt,j
a common denominator of all the probabilities in time period t;
QT
Mt = j=t Qj
a common denominator of all the probabilities in all time
periods following time period t − 1;
MT +1 = 1.
Note that with the above notation we have
EDt {gt (It , xt , Dt ) + zt+1 (ft (It , xt , Dt ))} =

nt
X

pt,j (gt (It , xt , dt,j ) + zt+1 (ft (It , xt , dt,j ))) .

(6)

j=1

In order to derive an FPTAS for our dynamic program, we need the following conditions to hold:
Condition 1. There exists a constant d such that ST +1 , St , At ⊂ Z, and Dt ⊂ Zd , for every t = 1, . . . , T . For
any set X among these sets, and any 1 ≤ k ≤ |X|, log maxx∈X |x| is bounded polynomially by the (binary)
input size and the kth largest element in X can be found in time logarithmic in |X|.
Typically the state and action spaces are contiguous intervals, so the kth largest element in X can be found in
constant time. However, as stated in Condition 1, we allow a more general setting. As already mentioned in
the previous part, for the ease of exposition we will assume that these spaces consist of contiguous intervals.
S = max
A
Let UD
t=1,...,T +1 |St | be the size of the maximal state space. Similarly, let UD = maxt=1,...,T |At | be
S
A
the size of the maximal action space. Condition 1 implies that log UD and log UD are polynomially bounded
by the input size.
Condition 2. For every t = 1, . . . , T + 1, gt is a function whose values are nonnegative rational numbers,
and the binary size of any of its values is polynomially bounded by the (binary) size of the input.
Let UR := maxt maxI∈It , x∈At (I), d∈Dt gt (I, x, d) denote the maximal single-period cost value. In this way,
g max
Condition 2 tells us that the logarithm of T UR ≥ maxt gtmin , which serves as an upper bound on the value
t
of (4), is polynomially bounded by the input size.
We also need to impose on St , At , gt and ft some properties to make zt “easier” to approximate.
Condition 3. At least one of the following cases holds.
(i) (Convex DP) The terminal state space ST +1 is a contiguous interval. For all t = 1, . . . , T + 1 and
I ∈ St , the state space St and the action space A(It ) are both contiguous intervals. gT +1 is integervalued convex function over ST +1 . For every t = 1, . . . , T and fixed d ∈ Dt , St ⊗ At is integrally convex
and gt (·, ·, d) can be expressed as gt (I, x, d) = gtI (I, d) + gtx (x, d) + ut (ft (I, x, d)), where the transition
function ft can be expressed as ft (It , xt , d) ≡ a(d)It + b(d)xt + c(d), where gtI , gtx , ut are univariate
integer-valued convex functions, a(·), b(·), c(·) are integer-valued functions of d, and b(d) ∈ {−1, 0, 1},
for every d.
7

(ii) (Nondecreasing DP) gT +1 is nondecreasing. For every t = 1, . . . , T, and
ft (·, ·, d) are nondecreasing in their first variable. ft (·, ·, d) is monotone in
be expressed as gt (·, ·, d) ≡ gta (·, ·, d) + gtb (·, ·, d), where gta (·, ·, d), gtb (·, ·, d)
monotone in their second variable. Moreover, either zt is nondecreasing for
with I 0 ≤ I, At (I) ⊆ At (I 0 ).

fixed d ∈ Dt , gt (·, ·, d) and
its second variable. gt can
are nonnegative functions
t = 1, . . . , T , or ∀I 0 , I ∈ St

(iii) (Nonincreasing DP) gT +1 is nonincreasing. For every t = 1, . . . , T, and fixed d ∈ Dt , gt (·, ·, d) is
nonincreasing in its first variable, ft (·, ·, d) is nondecreasing in its first variable. ft (·, ·, d) is monotone
in its second variable. gt can be expressed as gt (·, ·, d) ≡ gta (·, ·, d) + gtb (·, ·, d), where gta (·, ·, d), gtb (·, ·, d)
are nonnegative functions monotone in their second variable. Moreover, either zt is nonincreasing for
t = 1, . . . , T , or ∀I 0 , I ∈ St with I 0 ≤ I, At (I 0 ) ⊆ At (I).
We call the DP formulation (5) convex whenever it satisfies Condition 3(i) and monotone whenever either
one of the last two cases holds.
At a first glace one may think that Condition 3, with its three cases, is quite cumbersome. It is possibly
due to our effort to formulate it in a general way. We try to justify this formulation by showing later on in the
paper that each of its various cases has applications. Case (i) seems particularly “clumsy”. Unfortunately,
as we show in Theorem 8.2, none of the conditions about either St , At (I) and ft can be dropped.
We aim at providing an FPTAS for the optimal solution z1 (I1 ). Note that even in the very restrictive case
where the number of the states of the system
P is a constant, computing the optimal solution by the optimality
equation in Theorem 3.1 can take up to Tt=1 maxI |At (I)| evaluations of gt . When the action spaces are
“large” this number can be exponential in the input size. In [Woe00], Woeginger designs a framework for
deriving an FPTAS for deterministic DP. Among other assumptions, he requires the cardinality of the action
space to be bounded by a polynomial over the binary input size (Condition C.4(ii) in [Woe00]). We do
not require this. For this reason our framework, when applied on deterministic DP, is not a special case of
Woeginger’s framework.
The main result of this paper, which we prove in Sections 8 and 9, is
Theorem 3.2. Every stochastic minimization dynamic program that satisfies Conditions 1-3 admits an
FPTAS.
We also deal with maximization problems, where the DP optimality equation (5) is with “max” instead of
“min”. In order to do so, we reformulate Condition 3 for maximization problems.
Condition 4. At least one of the following properties holds.
(i) (Concave DP) The terminal state space ST +1 is a contiguous interval. For all t = 1, . . . , T + 1 and
I ∈ St , the state space St and the action space A(It ) are both contiguous intervals. gT +1 is integervalued concave function over ST +1 . For every t = 1, . . . , T and fixed d ∈ Dt , St ⊗At is integrally convex
and gt (·, ·, d) can be expressed as gt (I, x, d) = gtI (I, d) + gtx (x, d) + ut (ft (I, x, d)), where the transition
function ft can be expressed as ft (It , xt , d) ≡ a(d)It + b(d)xt + c(d), where gtI , gtx , ut are univariate
integer-valued concave functions, a(·), b(·), c(·) are integer-valued functions of d, and b(d) ∈ {−1, 0, 1},
for every d.
(ii) (Nondecreasing DP) gT +1 is nondecreasing. For every t = 1, . . . , T, and
ft (·, ·, d) are nondecreasing in their first variable. ft (·, ·, d) is monotone in
be expressed as gt (·, ·, d) ≡ gta (·, ·, d) + gtb (·, ·, d), where gta (·, ·, d), gtb (·, ·, d)
monotone in their second variable. Moreover, either zt is nondecreasing for
with I 0 ≤ I, At (I 0 ) ⊆ At (I) holds.
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fixed d ∈ Dt , gt (·, ·, d) and
its second variable. gt can
are nonnegative functions
t = 1, . . . , T , or ∀I 0 , I ∈ St

(iii) (Nonincreasing DP) gT +1 is nonincreasing. For every t = 1, . . . , T, and fixed d ∈ Dt , gt (·, ·, d) ≡
gta (·, ·, d)+gtb (·, ·, d) is nonincreasing in its first variable and gta (·, ·, d), gtb (·, ·, d) are nonnegative functions
monotone in their second variable. ft (·, ·, d) is nondecreasing in its first variable, and is monotone in
its second variable. Moreover, either zt is nonincreasing for t = 1, . . . , T , or ∀I 0 , I ∈ St with I 0 ≤ I,
At (I) ⊆ At (I 0 ) holds.
Theorem 3.3. Every stochastic maximization dynamic program that satisfies Conditions 1-2 and 4 admits
an FPTAS.
In Section A in the Appendix we present in detail the 9 problems mentioned in the Introduction, and
specifically show how to cast each of them as either monotone or convex DP.

4

K-approximation sets and functions

In this section we efficiently construct a succinct approximation of a given function ϕ : D→R+ over a
finite domain D. By succinct we mean that the space used for the representation of the approximation
max
must be polylogarithmic in |D| and ϕϕmin . By efficient we mean that the time to create the approximation
function must be polylogarithmic in these two terms as well. We obtain such succinct approximations by
means of constructing a special approximation set W for D (that we call a K-approximation set of ϕ, a notion
introduced in [HKM+ 06]), and building upon it a step function ϕ̂ that we call the approximation of ϕ induced
by W in the following way: if x ∈ W , then ϕ̂(x) = ϕ(x), else ϕ̂(x) = max{ϕ(prev(x, D0 )), ϕ(next(x, D0 ))}. We
show that ϕ̂ is a K-approximation function of ϕ. Most functions do not admit a succinct K-approximation
function. But some functions with nice structure can be approximated succinctly. We show that when ϕ is
either unimodal, monotone or convex, it admits a succinct K-approximation.
Definition 4.1. Let K ≥ 1 and let ϕ : D→R+ be a function, where D ⊂ R is a finite set. ϕ is called
max
succinct if it admits a representation in space polylogarithmic in both |D| and ϕϕmin . A subset of D is called
succinct if its size is polylogarithmic in both these terms. We say that ϕ̃ : D→R+ is a K-approximation
function of ϕ (or more briefly, a K-approximation of ϕ) if for all x ∈ D we have ϕ(x) ≤ ϕ̃(x) ≤ Kϕ(x). ϕ̃
is called a succinct K-approximation of ϕ if it is a succinct function that K-approximates ϕ. If such ϕ̃ can
max
be constructed in time polylogarithmic in both |D| and ϕϕmin , we call it efficient.
Remark: If ϕ is a well-structured function, e.g., a monotone function, a K-approximation of it is not
necessarily so. In this section we show how to construct K-approximation functions that do maintain the
structure of the function they approximate. In order to get succinct approximations, we consider only
succinct subsets of the domain. Of course, this can be done only by sacrificing accuracy.
Definition 4.2. 1 Let K ≥ 1 and let ϕ : D→R+ be a unimodal function defined over a finite domain of real
numbers. We say that W ⊆ D is a K-approximation set of ϕ if the following 3 properties are satisfied:
1. Dmin , Dmax ∈ W ;
2. (boundness) for every x ∈ W and x 6= Dmax , either next(x, W ) = next(x, D) or max{ϕ(x), ϕ(next(x, W ))} ≤
K min{ϕ(x), ϕ(next(x, W ))};
3. (locality) for every x ∈ D \ W we have ϕ(x) ≤ max{ϕ(prev(x, W )), ϕ(next(x, W ))} ≤ Kϕ(x).
1

The original definition of K-approximation sets as in [HKM+ 06, HKL+ 08] (which the later called weak K-approximation
sets) required arg min ϕ ∈ W and that W satisfies the first two properties of Definition 4.2. Hence, due to Proposition 4.3, our
modified definition of K-approximation sets is a generalization of the original definition. In our current definition we do not
request W to include arg min ϕ. Due to this modification we get stronger results, e.g., Proposition 6.3 and Property 4, each of
which does not necessarily hold for approximation sets under the original definition.
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There is an easy way to satisfy locality:
Proposition 4.3. Let K ≥ 1 and let ϕ : D→R+ be a unimodal function over a finite domain of real numbers.
Let W ⊆ D be a subset that satisfies the first two properties of Definition 4.2. If arg min ϕ ∈ W then W is
a K-approximation set of ϕ.
Clearly, if there exists a succinct 1-approximation set of ϕ then ϕ is succinct. Whenever ϕ does not admit a
succinct 1-approximation set, we will be interested in finding succinct K-approximations of ϕ for K > 1, by
constructing succinct K-approximation sets for ϕ. Function ApxSet (Algorithm 1) is a canonical algorithm
for constructing a K-approximation set.
1:
2:
3:
4:
5:
6:
7:
8:

Function ApxSet(ϕ, D, K)
x ← Dmax
W ← {Dmin , Dmax }
min
while x > D
do
©
ª
z ← min prev(x, D), min{y ∈ D | Kϕ(y) ≥ ϕ(x)}
W ← W ∪ {x}
end while
Return W

Algorithm 1: Constructing a canonical K-approximation set for a nondecreasing ϕ over D.
If ϕ is nonincreasing
© we replace Step 5 by
ª
5a : x ← min prev(x, D), min{y ∈ D | Kϕ(x) ≥ ϕ(y)}
If ϕ is unimodal and x∗ = arg min{ϕ(x)
© | x ∈ D}, then we replace Step 5 by
ª
5b: if x > x∗ then© x ← min prev(x, D), min{y ∈ D | y ≥ªx∗ and Kϕ(y) ≥ ϕ(x)}
5c: else x ← min prev(x, D), min{y ∈ D | Kϕ(x) ≥ ϕ(y)}
We refer to the K-approximation set obtained by Function ApxSet as the canonical K-approximation set.
K-approximation functions are too general to maintain the structure of the function they approximate.
We conclude this section with the next theorem that tells us that for monotone and convex functions, as
well as unimodal function with a given minimizer, it is possible to efficiently build succinct K-approximation
functions that preserve the same structure. The proof of this theorem is straighforward by using binary
search, and therefore is omitted.
Theorem 4.4. Let ϕ : D→R+ be a unimodal function over a finite domain of real numbers, and let x∗ =
arg min{ϕ(x) | x ∈ D}. Let tϕ be an upper bound on the time needed to evaluate ϕ(x), for any x ∈ D. Then
for every K > 1 the following holds.
1. Function ApxSet computes a K-approximation set W of ϕ of cardinality O(1 + logK
max
logK ϕϕmin ) log |D|)

ϕmax
)
ϕmin

in O(tϕ (1 +

time,

2. ϕ̂, the approximation of ϕ induced by W , is a K-approximation of ϕ, and is stored in a sorted array
(x, ϕ(x)), x ∈ W so ϕ(x) can be determined in O(log |W |) time, using binary search,
3. {Dmax } ∪ {x, next(x, D) | Dmax > x ∈ W } is a 1-approximation set of ϕ̂,
4. if ϕ is unimodal or monotone, then so is ϕ̂,
5. if ϕ is convex over D, then so is the linear extension of ϕ induced by W .
Note that ϕmin > 0 whenever ϕmax > 0, and so the ratio is well defined when the function is non-zero. Also,
we could write expressions in terms of ² by observing that log1K = O( 1² ).
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5

Calculus of K-approximation functions

In this section we develop a theory, based on the notion of K-approximation sets and functions. The theory
consists of a set of computational rules for manipulating K-approximation functions.
The following proposition, which we call Calculus of K-approximation Functions, follows directly from
the definition of K-approximation functions, and its proof is therefore omitted. (Properties 3 and 4 can also
be derived from [HKM+ 06].)
Proposition 5.1 (Calculus of K-approximation Functions). For i = 1, 2 let Ki ≥ 1, let ϕi : D→R+ be an
arbitrary function over domain D, and let ϕ̃i : D→R be a Ki -approximation of ϕi . Let ψ1 : D→D, and let
α, β ∈ R+ . The following properties hold:
1. ϕ1 is a 1-approximation of itself,
2. (linearity of approximation) α + β ϕ˜1 is a K1 -approximation of α + βϕ1 ,
3. (summation of approximation) ϕ˜1 + ϕ˜2 is a max{K1 , K2 }-approximation of ϕ1 + ϕ2 ,
4. (composition of approximation) ϕ˜1 (ψ1 ) is a K1 -approximation of ϕ1 (ψ1 ),
5. (maximization of approximation) max{ϕ˜1 , ϕ˜2 } is a max{K1 , K2 }-approximation of max{ϕ1 , ϕ2 },
6. (minimization of approximation) min{ϕ˜1 , ϕ˜2 } is a max{K1 , K2 }-approximation of min{ϕ1 , ϕ2 },
7. (approximation of approximation) If ϕ2 = ϕ˜1 then ϕ˜2 is a K1 K2 -approximation of ϕ1 .
The following simple propositions will be useful in Section 8, when “plugging-in” K-approximation functions
into convex dynamic programming.
Proposition 5.2 ([HKM+ 06]). Let K > 1 and ϕ be a nonnegative integer-valued function. If ϕ0 is a
(general) K-approximation of ϕ then bϕ0 c is an integer-valued K-approximation of ϕ.
This proposition is due to ϕ ≤ bϕ0 c ≤ ϕ0 ≤ Kϕ, where the first inequality derives from the integrality of ϕ
and since ϕ0 is a K-approximation of ϕ.
Proposition 5.3 ([HKM+ 06]). Let K > 1 and ϕ be a nonnegative integer-valued function. If ϕ̌ is a convex
K-approximation of ϕ with arg min ϕ = x∗ , then bϕ̌c is a unimodal integer-valued K-approximation of ϕ
with the same arg min.
Proof. The monotonicity of the floor function coupled with the convexity of ϕ̌ implies that bϕ̌c is a
unimodal function that is minimized at x∗ . Function bϕ̌c is an integer-valued K-approximation of ϕ due to
the previous proposition.
Proposition 5.4 (minimization of summation of composition). Let D and E be arbitrary domains, n ∈ N
be an arbitrary positive integer and Ki ≥ 1, i = 1, . . . , n be arbitrary reals. Let ϕi : D→R+ , let ϕ̃i be a
Ki -approximation of it, and let ψi : D × E→D, ∀ i = 1, . . . , n. Then
ϕ̃(x) := min{
y∈E

n
X

ϕ̃i (ψi (x, y))}

i=1

is a max{K1 , . . . , Kn }-approximation of ϕ(x) := miny∈E {
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Pn

i=1 ϕi (ψi (x, y))}.

(7)

The proof of Proposition 5.4 (as well as its name), is due to summation of approximation, minimization of
approximation, and composition of approximation (Properties 3,4 and 6 in Proposition 5.1).
Since the cardinality of E may be “big”, applying Proposition 5.4 and calculating the minimum over
all of the elements of E may take time exponential in the input size. For this reason we would like to
“approximate” E succinctly in such a way that performing the minimization in (7) under this approximated
set, instead of under the entire E, will result in a succinct approximation of ϕ̃3 . This is possible whenever
the functions we want to approximate are monotone.
Theorem 5.5. For i = 1, . . . , m, . . . , n let Li ≥ 1, Ki > 1 and let ϕi : D→R+ be a function over a finite
domain D ⊂ R. Let ϕ̃i : D→R be an Li -approximation of ϕi . For every fixed x ∈ D, let ψi : D × E→D
be a function such that ϕ̃i (ψi (x, ·)) is monotone over a totally ordered domain E. Suppose ϕ̃i (ψi (x, ·)) are
monotone in one sense for i = 1, . . . , m (e.g., nondecreasing) and are monotone in the other sense for
i = m + 1, . . . , n (e.g., nonincreasing). If Wi (x) ⊆ D is a Ki -approximation set of ϕ̃i (ψi (x, ·)), then
ϕ̃(x) :=

n
X

min

y∈∪n
i=1 Wi (x)

ϕ̃i (ψi (x, y))

i=1

P
is an L := max{K1 L1 , . . . , Km Lm , Lm+1 , . . . , Ln }-approximation of ϕ(x) := miny∈E ni=1 ϕi (ψi (x, y)).
P
Proof. Let us fix x. Let y @ ∈ ∪ni=1 Wi (x) be a realizer of ϕ̃(x) , i.e., ϕ̃(x) = ni=1 ϕ̃i (ψi (x, y @ )). Due
to composition of approximation (Property 4 in Proposition 5.1), ϕ̃i (ψi (x, ·)) is an Li -approximation of
ϕi (ψi (x, ·)), for i = 1, . . . , n, and therefore
n
n
n
X
X
X
@
ϕ(x) = min{
ϕi (ψi (x, y))} ≤
ϕi (ψi (x, y )) ≤
ϕ̃i (ψi (x, y @ )) = ϕ̃(x).
y∈E

i=1

i=1

i=1

Let y ∗ be the smallest realizer of ϕ(x). Due to symmetry arguments we can assume without loss of generality
that ϕ˜1 (ψ1 (x, ·)) is nondecreasing. By the definition of Wi (x) there exists yi0 ∈ Wi (x) such that yi0 ≥ y ∗ and
ϕ̃i (ψi (x, y ∗ )) ≤ ϕ̃i (ψi (x, yi0 )) ≤ Ki ϕ̃i (ψi (x, y ∗ )), ∀i = 1, . . . , m,. Let y 0 := min{yi0 | i = 1, . . . , m}. By the
monotonicity of ϕ̃i (ψi (x, ·)) we get
ϕ̃i (ψi (x, y 0 )) ≤ ϕ̃i (ψi (x, yi0 )) ≤ Ki ϕ̃i (ψi (x, y ∗ )) ≤ Ki Li ϕi (ψi (x, y ∗ )), ∀i = 1, . . . , m,

(8)

where the last inequality is since ϕ̃i (ψi (x, ·)) is an Li -approximation of ϕi (ψi (x, ·)).
Since ϕ̃i (ψi (x, ·)) are nonincreasing for i = m+1, . . . , n, from the definition of K-approximation functions
we get
ϕ̃i (ψi (x, y 0 )) ≤ ϕ̃i (ψi (x, y ∗ )) ≤ Li ϕi (ψi (x, y ∗ )), ∀i = m + 1, . . . , n.
(9)
We conclude the proof by combining (8) with (9):
ϕ̃(x) ≤

n
X
i=1

ϕ̃i (ψi (x, y 0 )) ≤

m
X
i=1

Ki Li ϕi (ψi (x, y ∗ ))+

n
X

Li ϕi (ψi (x, y ∗ )) ≤ max{K1 L1 , . . . , Km Lm , Lm+1 , . . . , Ln }ϕ(x).

i=m+1

Remark: Note that while Theorem 5.5 provides an upper bound to the approximation ratio of ϕ̃, ϕ̃ is not
necessarily monotone. But by linearly scanning ϕ̃ and using the monotonicity of the original function ϕ, one
can build a monotone L-approximation function for ϕ. We use this approach in Section 9.
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6

Calculus of K-approximation sets

In this section we develop a calculus based on the notion of K-approximation sets and functions. Unlike
the Calculus of K-approximation Functions, which focuses on the range of the functions, the Calculus of
K-approximation Sets focuses on the domain of the functions. We present this calculus in a way symmetric
to the presentation of Section 5, and give the somewhat involved proofs in Section B in the Appendix.
Proposition 6.1 (Calculus of K-approximation Sets of unimodal functions). Let K1 , K2 ≥ 1, let ϕ1 , ϕ2 :
D→R+ be unimodal functions over a finite domain D of real numbers. Let Wi be a Ki -approximation set
of ϕi , for i = 1, 2. Let ψ : R+ →R+ be a (weakly) monotone function, and let α, β ∈ R+ . The following
properties hold:
1. (monotonicity of approximation sets) every superset W1 ⊂ W 0 ⊂ D is a K1 -approximation set of ϕ1 ,
2. (composition of approximation sets) ψ −1 (W1 ) = {maxi , mini | ψ(i) ∈ W1 } is a K1 -approximation set
of ϕ1 (ψ),
3. (linearity of approximation sets) W1 is a K1 -approximation set of α + βϕ1 .
4. (maximization of approximation sets) W1 ∪ W2 is a max{K1 , K2 }-approximation set of max{ϕ1 , ϕ2 }.
We could have approximation sets W1 and W2 , both containing the argmin. But it is possible that W1 ∪ W2
does not contain the argmin of max{ϕ1 , ϕ2 }. There are two ways around this. One is to calculate the
argmin directly. (This is actually pretty easy to do using binary search since we know where the argmin
of each of the functions occurs. But it means that we cannot rely entirely on the approximations to ϕ1
and ϕ2 .) The other alternative is to relax the restriction in the original definition of K-approximation sets
of [HKM+ 06, HKL+ 08] that we need to have the argmin, and make it sufficient to have an approximated
argmin. This is the approach that we take here (and it differs from previous work), and it is more general.
In particular, it does not require that we have access to the original function.
Proposition 6.2 (Calculus of K-approximation Sets of monotone functions). Let K1 , K2 > 1, and let
ϕ1 , ϕ2 : D→R+ be monotone functions of the same kind (i.e., either both are nondecreasing or both are
nonincreasing) over a finite domain D of real numbers. Let Wi be a Ki -approximation set of ϕi , for i = 1, 2.
The following properties hold:
1. (summation of approximation sets) W1 ∪ W2 is a max{K1 , K2 }-approximation set of ϕ1 + ϕ2 ,
2. (minimization of approximation sets) W1 ∪ W2 is a max{K1 , K2 }-approximation set of min{ϕ1 , ϕ2 },
3. (approximation of approximation sets)2 If ϕ1 is a K2 -approximation of the restriction of ϕ2 over W1 ,
then ϕ̂1 (i.e., the approximation of ϕ1 induced by W1 ) is a K1 K2 -approximation of ϕ2 .
Proposition 6.3 (Calculus of K-approximation Sets of convex functions). Let K1 , K2 > 1, let ϕ1 , ϕ2 :
D→Z+ be convex over a finite domain D of real numbers. Let Wi be a Ki -approximation set of ϕi , for
i = 1, 2. Then:
1. (summation of approximation sets) W1 ∪ W2 is a max{K1 , K2 }-approximation set of ϕ1 + ϕ2 .
We note that it can happen that arg min(ϕ1 + ϕ2 ) ∈
/ {arg min ϕ1 , arg min ϕ2 }. We also note that the
Calculus of K-approximation Sets of unimodal functions includes neither summation of approximation sets
nor minimization of approximation sets since unimodal functions are not closed under either summation
or minimization. Moreover, the Calculus of K-approximation Sets of convex functions does not include
2

Note from Nir: To show that an extra error is indeed obligatory
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minimization of approximation sets since the minimum of two convex functions is not necessarily convex or
even unimodal.
We conclude with the following simple proposition
Proposition 6.4 ([HKM+ 06]). Let K > 1 and let ϕ be a convex function. Let W be a K-approximation
set of ϕ, and ϕ̂ be the approximation of ϕ induced by W . Then the convex extension of ϕ̂ induced by W is
a convex K-approximation of ϕ.
Proof. This proposition is true because the convex extension of ϕ̂ induced by W is the greatest convex
function which does not lie above ϕ̂, and the fact that ϕ itself is a convex function (i.e., the convex extension
of ϕ̂ induced by W is “sandwiched” between ϕ̂ from above, and ϕ from below).

7

From K-approximation sets and functions to dynamic programming

The following propositions link the notion of K-approximation sets with dynamic programming. The first
one deals with Convex DP.
Proposition 7.1. Suppose the DP formulation (5) is convex (so Condition 3(i) is satisfied). Let 1 ≤ K10 ≤
K20 , It ∈ St be fixed, and let g̃t (It , ·, dt,i ) be a convex K10 -approximation of gt (It , ·, dt,i ), for every i = 1, . . . , nt .
Let z̃t+1 be a convex K20 -approximation of zt+1 , and let
G̃t (It , ·) := EDt g̃t (It , ·, Dt ),

Z̃Ft+1 (It , ·) := EDt z̃t+1 (ft (It , ·, Dt )).

Then
z¯t (It ) :=

min {G̃t (It , xt ) + Z̃Ft+1 (It , xt )}

xt ∈A(It )

(10)

is a K20 -approximation of zt that can be calculated in O(log(|A(It )|)nt (tg̃ + tz̃t )) time for each value of It .
Proof. We apply Proposition 5.4 with n = 2nt , ϕi = gt (It , ·, dt,i ), ψ(It , xt ) = xt , Ki = K10 , ∀i = 1, . . . , nt ,
and ϕi = zt+1 , ψi = ft (It , ·, di−nt ), Kj = K20 , ∀ i = nt + 1, . . . , 2nt . Therefore, z¯t (It ) is a K20 -approximation
of zt . Note that for fixed dt , f (It , ·, dt ) is a linear function with slope in {−1, 0, 1}. Therefore z̃t+1 (ft (It , ·, dt ))
is a convex function. Moreover, since a convex combination of convex functions is such as well, we get that
G̃t (It , ·)+ Z̃Ft+1 (It , ·) is a convex function, so its minimum can be found by binary search over the contiguous
interval A(It ). We conclude the proof by using linearity of expectation.
The next proposition deals with monotone DP.
Proposition 7.2. Suppose the DP formulation (5) is monotone (so either Condition 3(ii) or Condition 3(iii)
is satisfied). Let K10 , L01 , K20 , L02 ≥ 1, with K10 L01 ≤ L02 , let t ∈ [1, . . . , T ], and It ∈ St be fixed. Let
gt (It , ·, dt,i ) ≡ gta (It , ·, dt,i ) + gtb (It , ·, dt,i ). Let g̃tb (It , ·, dt,i ) be a monotone L01 -approximation of gtb (It , ·, dt,i ) in
b be a K 0 -approximation set of it. Let g̃ a (I , ·, d ) be a L0 -approximation
the same direction as zt+1 , and Wt,i
t,i
t t
1
1
a be a K 0 -approximation set of it. Let z̃
a
of gt (It , ·, dt,i ) monotone in the other direction of zt+1 , and Wt,i
t+1
1
be a monotone L02 -approximation of zt+1 , and Wtc be a K20 -approximation of it. Let
Ãt (It , ·) := EDt g̃ta (It , ·, Dt ), B̃t (It , ·) := EDt g̃tb (It , ·, Dt ),
S t
a ∪ W b ∪ f −1 (I , W c (I ), d )). Then
and W = ni=1
(Wt,i
t,i
t
t t
t,i

Z̃Ft+1 (It , ·) := EDt z̃t+1 (ft (It , ·, Dt )),

z¯t (It ) = min {Ãt (It , xt ) + B̃t (It , xt ) + Z̃Ft+1 (It , xt )}
xt ∈W

is an L02 -approximation of zt that can be calculated in O(|W |) time.
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(11)

Proof. We apply Theorem 5.5 with m = nt , n = 3m, ϕi = gta (It , ·, dt,i ), Ki = K10 , ∀i = 1, . . . , m, ϕi =
Ki = K10 , ∀i = m+1, . . . , 2m, and ϕi = zt+1 , Ki = K20 , ∀i = 2m+1, . . . , n. ψi (It , x) = x, ∀ i =
1, . . . , 2m and ψi (It , x) = ft (It , x, di−2m ) for i = 2m + 1, . . . , n. Therefore, z¯t (It ) is an L02 -approximation of
zt . The minimum can be found in the promised time by scanning all the elements of W .
gtb (It , ·, dt,i ),

We note that the above propositions show that by the Calculus of K-approximation Sets and Functions
approximating the stochastic DP recursion (5) is essentially as hard as approximating a deterministic DP
recursion (i.e., where the random variables are constants with probability one), with an additional complexity
factor of only nt (the size of the support of the random variable).
This situation is substantially different from the one with the corresponding exact problems. For example, [HKM+ 06] showed that the stochastic single-item inventory control problem (which we formulate in
Section A.2.3 as a convex DP) is #P-hard, while it is known that the corresponding deterministic problem
is in P and is easily solved by linear programming.3 .
In the case of monotone DP, we note that in many of our applications4 the single-period cost function gt (It , xt , Dt ) can be expressed as the sum of a fixed number of monotone univariate functions, e.g.,
gt (It , xt , Dt ) = gt1 (ft1 (It , xt , Dt )) + gt2 (ft2 (It , xt , Dt )), where gti , fti (·, xt , Dt ) and fti (It , ·, Dt ) are all monotone.
In these cases it is sufficient to ask in Proposition 7.2 to have K-approximation sets for each of these univariate functions (exactly as we have one such set Wtc for zt+1 ), instead of calculating such a set for each
combination of It and dt,i . This results in saving in the running time of the FPTAS we give below.

8

An FPTAS for Convex DP

In this section we develop an FPTAS for any dynamic program that satisfies Conditions 1-3(i). Our FPTAS
is as follows
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

Procedure FPTASConvexDP
K ← 1 + 2(T²+1) , WT +1 ←ApxSet(gT +1 , ST +1 , K)
Let ẑT +1 be the approximation of gT +1 induced by WT +1
Let z̃T +1 be the convex extension of ẑT +1 induced by WT +1
for t := T downto 1 do
x∗ ← arg min z̄t /* z̄t is as defined in (10) */ S
Wt ←ApxSet(−bMt z̄t c, St ∩ {x | x ≤ x∗ }, K)
ApxSet(bMt z̄t c, St ∩ {x | x ≥ x∗ }, K)
bMt z̄t c
Let ẑt be the approximation of Mt induced by Wt
Let z̃t be the convex extension of ẑt induced by Wt
end for
Algorithm 2: FPTAS for Convex DP.

In order to prove that this is indeed an FPTAS, we need several properties to remain invariant throughout
the execution of the algorithm.
Theorem 8.1 (Convexity Invariant). Suppose the DP formulation (5) is convex (i.e., the sets and functions
involved satisfy Condition 3(i)). Then for every t = 1, . . . , T + 1, function zt in (5) and z̄t in (10) are convex
over St .
Proof. We give a proof for zt . The proof for z̄t is similar. Our proof follows the lines of, and generalizes
a proof in [HKM+ 06]. We use backward induction. We consider first the base case of t = T + 1. Since gT +1
3
4

Note from Nir: To improve the above two paragraphs
Note from Nir: to mention the applications where this actually happens
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is convex by Condition 3(i), so is zT +1 . We assume by induction that zt+1 is convex and prove for zt . It
suffices to show that 2zt (I) ≤ zt (I + 1) + zz (I − 1) for all I ∈ St . Consider now a fixed value of I. Since a
convex combination of convex functions is a convex function, it is enough to prove for the case where the
random variable Dt is fixed. For convenience we slightly abuse our notation and omit Dt from the domain
of gt and ft . Hence the formula reads
zt (I) = min {gtI (I) + gtx (x) + ut (ft (I, x)) + zt+1 (ft (I, x))} = gtI (I) + min {gtx (x) + (ut + zt+1 )(ft (I, x))}.
x∈At (I)

x∈At (I)

Let us define c = gtx , y = ut +zt+1 and f = ft . Note that c is a univariate convex function over the contiguous
interval At (I) and y is a univariate convex function over the contiguous interval St+1 . Since gtI is convex, it
suffices to prove that
z(I) = min {c(x) + y(f (I, x))}
x∈At (I)

is a convex function. We assume that f (I, x) = aI + x. The proof for f (I, x) = aI − x and f (I, x) = aI is
similar. We choose (I − 1, x0 ); (I + 1, x00 ) ∈ St ⊗ At , so that
z(I − 1) = c(x0 ) + y(aI − a + x0 );
0

and z(I + 1) = c(x00 ) + y(aI + a + x00 ).

00

∗
∗
∗
Let x∗ = b x +x
2 c. Let us assume for a moment that x ∈ At (I). This means that z(I) ≤ c(x ) + y(aI + x ).
∗
0
00
∗
0
00
Therefore, 2z(I)−(z(I−1)+z(I+1)) ≤ 2c(x )−(c(x )+c(x ))+2y(aI+x )−(y(aI−a+x )+y(aI+a+x )) ≤ 0.
The latter inequality holds by the convexity of c and y. This proves that z is indeed convex.
It remains to prove that x∗ ∈ A(I), i.e., (I, x∗ ) ∈ St ⊗At . To see this, it suffices to prove that the minimal
integrally-convex set S that contains (I − 1, x0 ), (I + 1, x00 ), also contains (I, x∗ ). Without loss of generality,
let us assume that I = 1, x0 = 0 and x00 ≥ x0 . We distinguish between 4 cases (see Figure 3):

Case 1. x00 = 0. Clearly S = {(0, 0); (1, 0); (2, 0)} and we are done since (I, x∗ ) = (1, 0).
Case 2. x00 = 1. Recall that since S is an integrally-convex set, it is the intersection of a convex polytope consisting of edges with slopes in {−∞, −1, 0, 1, ∞}, and the integer lattice. Therefore S =
{(0, 0); (1, 0); (1, 1); (2, 1)}. Since (I, x∗ ) = (1, 0) we are done.
Case 3. x00 = 2. Clearly S = {(0, 0); (1, 1); (2, 2)} and we are done since (I, x∗ ) = (1, 1).
Case 4. x00 ≥ 3. Then S is bounded below by the line y(x) = x, and is bounded above by the line
y(x) = x + x00 − 2, so again (I, x∗ ) ∈ S.

s

s s
¡
¡
¡
s s¡

s¡

s
¡s
s
¡
s¡¡
s¡
s¡

Case 1

Case 2

Case 3

Case 4

s

s

s

s¡
¡

Figure 3: The 4 cases in the proof of Theorem 8.1.
We note that if St ⊗ At were not integrally convex, then it may happen that x∗ ∈
/ At (I). For instance,
let St ⊗ At be the middle set in Figure 2, and assume the bottom-left point is (0,0). Clearly, x∗ = 0 but
(1, 0) ∈
/ St ⊗ At .
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We note also that if we drop from Condition 3(i) the requirement that the coefficients of the second
variable of f are -1,0 or 1, then the Convexity Invariant does not necessarily hold. Consider the following
1-time period example. T = 1, S1 = [0, . . . , 10], S2 = [−8, . . . , 10], A1 (I) = {0, 1, 2}, g2 (I) = |I|, g1 ≡ 0
and f1 (I, x) = I − 4x. (S1 ⊗ A1 is integrally convex as the intersection of a rectangle with the integer lattice.)
Then the global minima of z1 (I) are at 0,4,8, with value 0 each, and its global maxima are at 2,6,10 with
value 2 each.
Also, we note that neither the requirement that At (I) is a contiguous interval can be dropped. Consider
by negation the following example. T = 1, S1 = [0, . . . , 10], S2 = [−8, . . . , 10], A1 (I) = [0, 4, 8], g2 (I) =
|I|, g1 ≡ 0 and f1 (I, x) = I − x. (This time S1 ⊗ A1 is not integrally convex.) We get that z1 (I) equals the
one of the previous example.
We last note that even if we could somehow “bypass” the Convexity Invariant, it is unlikely that we could
develop an FPTAS for these cases, because of the theorem below, which we prove in the Appendix.
Theorem 8.2. A convex DP where either b ∈
/ {−1, 0, 1}, or the action space is not a contiguous interval,
does not admit an FPTAS, unless P=NP.
Proposition 8.3 (Integrality Invariant). Suppose the DP formulation (5) is convex (i.e., the sets and
functions involved satisfy Condition 3(i)). Then for every t = 1, ..., T + 1 and It , Mt zt (It ) is a nonnegative
integer.
Proof. We prove the integrality of Mt zt (It ) by induction. The base case holds since zT +1 ≡ gT +1 , and
gT +1 is an integer by Condition 3(i). The induction hypothesis is that Mt+1 zt+1 is an integer, and we next
prove that also is Mt gt . Due to (5) and (6) we have
n

zt (It ) =

t
X
1
min
qt,j {gt (It , xt , dt,j ) + zt+1 (ft (It , xt , dt,j ))}.
Qt xt

j=1

Since gt is an integer-valued function, and since by the induction hypothesis Mt+1 zt+1 is an integer-valued
functions, Mt zt is an integer-valued function as well.
We are now ready to prove the section’s main result.
Theorem 8.4 (FPTAS for Convex DP). Given a dynamic program that satisfies Conditions 1,2 and 3(i),
and 1 > ² > 0, for every initial state I1 , z̃1 (I1 ) is a (1 + ²)-approximation of the optimal cost z ∗ (I1 ), where
z̃1 (I1 ) is given in Step 9 in the last iteration of Algorithm 2. Moreover, Algorithm 2 runs in time polynomial
in both 1² and the (binary) input size.
Proof. We first show that the algorithm is well defined. The Convexity Invariant, Theorem 8.1, assures
that all the z̄t ’s are convex nonnegative functions. Therefore, −z̄t and z̄t are nondecreasing over St ∩ {x | x ≤
x∗ } and St ∩ {x | x ≥ x∗ }, respectively. Hence all calls to function ApxSet are well defined.
We next show the correctness of the algorithm. Let K := 1 + 2(T²+1) . We first show that it suffices
to prove that z̃1 is a K T +1 -approximation of z1 . By the DP (exact) optimality equation, Theorem 3.1,
the optimal cost z ∗ (I1 ) is equal to z1 (I1 ). By the definition of K-approximation functions (Definition 4.2),
z ∗ (I1 ) ≤ z1 (I1 ) ≤ (1 + 2(T²+1) )T +1 z ∗ (I1 ). Thus, due to the inequality (1 + nx )n ≤ 1 + 2x, which holds for
every 0 ≤ x ≤ 1, we get that z ∗ (I1 ) ≤ z̃1 (I1 ) ≤ (1 + ²)z ∗ (I1 ).
We next prove by induction that for every t = 1, . . . , T + 1, z̃t is a K T +2−t -approximation of zt .
The base case of t = T + 1 follows from Theorem 4.4. The induction hypothesis is that z̃t+1 is a convex
K T +1−t -approximation of zt+1 . We next prove that z̃t is a convex K T +2−t -approximation of zt . By applying
Proposition 7.1 with K10 = 1 and K20 = K T +1−t , and using Theorem 8.1, we get that z̄t is a convex K T +1−t approximation of zt . In this way, finding x∗ in Step 6 can be done efficiently by performing binary search.
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Considering Step 7, and applying the Integrality Invariant (Proposition 8.3) together with Proposition 5.3,
we get that bMMt z̄t t c is a unimodal K T +1−t -approximation of zt which is minimized at x∗ . Due to Theorem 4.4
and the definition of Wt , ẑt in Step 8 is a unimodal K T +2−t -approximation of zt that attains its minimum at
x∗ . (Note that by linearity of approximation sets (Proposition 6.1) Wt is a K-approximation set of bMMt z̄t t c .)
By Proposition 6.4, z̃t in Step 9 is a convex K T +2−t -approximation of zt that attains its minimum at x∗ , as
needed.
It remains to prove that the algorithm runs in time polynomial in both the input size and 1² . Recall
S = max
A
that UD
t=1,...,T +1 |St | is the size of the maximal state space, UD = maxt=1,...,T |At | is the size of
the maximal action space, and UR = maxt maxI∈It , x∈At (I), d∈Dt gt (I, x, d) is the maximal single-period cost
value. By Conditions 1 and 2, log U S , log U A and log UR are all polynomially bounded by the input size. For
ease of exposition let us assume that all these values are at least 2. By Theorem 4.4, Steps 2-4 of Algorithm 2
S ) time, where t is the time needed to evaluate g. Clearly, the “for loop”
are executed in O(tg logK UR log UD
g
is executed T times. Considering Step 6, by the Convexity Invariant (Theorem 8.1) z̄t is convex so we can
S in order to find the argmin, i.e., in O(t log U S ) time, where
apply binary search over the state space UD
z̄t
D
S ) time. Therefore
tz̄t is the time needed to evaluate z̄t . By Theorem 4.4, Step 7 takes O(tz̄t logK UR log UD
this step is the most time consuming in the for loop. By Proposition 7.1 each evaluation of z̄t is done by
At
A ) time. As z̃
performing binary search over the action space UD
in O(n∗ (tg +tf +tz̃t+1 ) log UD
t+1 is succinctly
stored in a sorted array in size not larger than the array for storing ẑt which is by Theorem 4.4 O(logK UR ),
A ). Therefore, the
we conclude that the running time of each query of z̄t is O(n∗ (tg + tf + log logK UR ) log UD
running time of the entire algorithm totals to
S
A
O(T n∗ (tg + tf + log logK UR ) logK UR log UD
log UD
).
UR
Without loss of generality we can assume that ² < 1 which implies that K < 2, so O(logK UR ) = O( log
K−1 ).
Replacing K with 1 + 2(T²+1) , we conclude that the running time of the algorithm is

O((tg + tf + log(

n∗ T 2
T
S
A
log UR ))
log UR log UD
log UD
).
²
²

(12)

S , log U A and log M are all polySince UR depends linearly on the multiplying factor M1 , and since log UD
1
D
nomially bounded by the input size, the algorithm runs in polynomial time in both the input size and
1
².
Remark: The dependency of the running time of the algorithm on T is at most T 2 log T , and on ² is at
most 1² log 1² .

9

An FPTAS for Monotone DP

In this section we present an FPTAS for nondecreasing DP. The FPTAS for nonincreasing DP is analogous.
1:
2:
3:
4:
5:
6:
7:

Procedure FPTASNondecreasingDP
K ← 1 + 2(T²+1) , zT +1 ← gT +1 and WT +1 ←ApxSet(zT +1 , ST +1 , K)
Let z̃T +1 := ẑT +1 be the approximation of zT +1 induced by WT +1
for t := T downto 1 do
Wt ←SubSet(z̄t , St , K) /* z̄t is as defined in (11) */
Let z̃t be the maximal nondecreasing function that is bounded above by z̄ on Wt
end for
Algorithm 3: FPTAS for Nondecreasing DP.
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1:
2:
3:
4:
5:
6:
7:
8:

Function SubSet(ϕ, D, K)
x ← Dmax
W ← {Dmin , Dmax }
while x > Dmin and Kϕ(Dmin ) < ϕ(x) do
x ← x0 | Kϕ(x0 ) < ϕ(x) and Kϕ(next(x0 , D)) ≥ ϕ(x)
W ← W ∪ {x, next(x, D)}
end while
Return W

Algorithm 4: Constructing a subset of D for a function ϕ that approximates a nondecreasing function.
We give a few remarks about our FPTAS. The first remark is about Step 5 of Algorithm 3. Since z̄t is not
necessarily monotone, we cannot calculate for it a K-approximation set by calling ApxSet(z̄t , St , K) (it is
not possible to perform Step 5 of Algorithm 1 in logarithmic time when ϕ is not nondecreasing). Instead, we
call function Subset above. Step 6 of Algorithm 3 is easily performed by noticing that z̃t is a nondecreasing
step function: We first set z̃t (Stmax ) ← z̄t (Stmax ) and next scan Wt backwards, and set z̃t (x) for every pair of
consecutive elements x < y in Wt to be z̃t (x) ← min{z̄t (x), z̃t (y)}.
Last remark is about how we efficiently perform Step 5 of Algorithm 4. We find x0 that satisfies the
condition in this step by performing binary search over the domain D. In the first iteration of the search,
the scope is D1 := D ∩ {y ≤ x | y ∈ D}, and the condition of the while loop implies that the invariant
Kϕ(D1min ) < ϕ(x) and Kϕ(D1max ) ≥ ϕ(x) holds (note that D1max = x). We choose a middle element
m ∈ D1 . If Kϕ(m) < ϕ(x) we set m0 := next(m, D1 ). If Kϕ(m0 ) ≥ ϕ(x) the search is completed by
assigning x ← m. Otherwise (Kϕ(m), Kϕ(m0 ) < ϕ(x)), we reduce the new scope of the search to be
D2 := D1 ∩ {y ≥ m0 | y ∈ D}. On the other hand, if Kϕ(m) ≥ ϕ(x) we set m0 := prev(m, D). If
Kϕ(m0 ) < ϕ(x) the search is completed by assigning x ← m0 . Otherwise (Kϕ(m), Kϕ(m0 ) ≥ ϕ(x)), we
reduce the new scope of the search to be D2 := D1 ∩ {y ≤ m0 | y ∈ D}. In both cases where the search is not
completed we get that the new domain D2 is decreased by half and satisfies the invariant Kϕ(D2min ) < ϕ(x)
and Kϕ(D2max ) ≥ ϕ(x). We continue the search in the same way. Clearly, the search is well defined and is
completed in O(log |D|) steps. Note that for each iteration of the while loop the ratio between the value of
ϕ over the x before entering Step 5, and the value of ϕ over the x after leaving this step is at least K. This
max
means that the while loop repeats O(1 + logK ϕϕmin ) times. We have just proved
Lemma 9.1. Let L ≥ 1 be arbitrary, ψ : D→R+ be a nondecreasing function, and ϕ : D→R+ be a (not
necessarily monotone) L-approximation of ψ. Then for every K > 1, W := Subset(ϕ, D, K) is a subset of
max
max
D of cardinality O(1 + logK ϕϕmin ) that is calculated in O((1 + logK ϕϕmin log |D|)tϕ ) time and satisfies
ϕ(next(x, W )) ≤ Kϕ(x),

∀Dmax > x ∈ W and next(x, W ) 6= next(x, D).

Proposition 9.2 (Nondecreasing Invariant). If Condition 3(ii) is satisfied, then for every t = 1, . . . , T,
function zt in (5) is nondecreasing over St .
Proof. Due to Condition 3(ii) either zt is nondecreasing for t = 1, . . . , T and there is nothing to prove, or
∈ St with I 0 ≤ I, At (I) ⊆ At (I 0 ). In the second case we use backward induction. zT +1 is nondecreasing
since zT +1 = gT +1 and gT +1 is such. Assuming that zt+1 in nondecreasing, we need to show that zt is such
as well. Since ft (·, xt , Dt ) is nondecreasing, also does the composition zt+1 (ft (·, xt , Dt )). Since gt (·, xt , Dt ) is
nondecreasing, also does the sum
gt (·, xt , Dt ) + zt+1 (ft (·, xt , Dt )).
(13)

∀I 0 , I

Last, since At (·) is nonincreasing (by set containment) over St , the minimization of (13) over At (·) is nondecreasing over St , and so does zt .
Finally, we are ready to prove our main result.
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Theorem 9.3 (FPTAS for monotone DP). Given a dynamic program that satisfies Conditions 1,2 and either
Condition 3(ii) or Condition 3(iii), and 1 > ² > 0, for every initial state I1 , z̃1 (I1 ) is a (1+²)-approximation
of the optimal cost z ∗ (I1 ), where z̃1 (I1 ) is given in Step 6 in the last iteration of Algorithm 3. Moreover,
Algorithm 3 runs in time polynomial in both 1² and the (binary) input size.
Proof. We give a proof for nondecreasing DP. The proof for nonincreasing DP is similar. It suffices
to prove that for every 1 > ² > 0 and every initial state I1 , z̃1 (I1 ) given in Step 6 in the last iteration
of Algorithm 3 is a (1 + ²)-approximation of the optimal cost z ∗ (I1 ), and that Algorithm 3 runs in time
polynomial in both 1² and the (binary) input size.
We first show that the algorithm is well defined. The Nondecreasing Invariant, Proposition 9.2, together
with fact that the various z̃t ’s are nondecreasing by construction, assure us that all the functions for which
the algorithm builds K-approximation sets are nonnegative and nondecreasing. In this way all the calls to
functions ApxSet and Subset are well defined.
We next show the correctness of the algorithm. Let K := 1 + 2(T²+1) . We first show that it suffices to
prove that for every t = 1, . . . , T + 1, z̃t is a K T +2−t -approximation of zt . By the DP optimality equation (5)
in Theorem 3.1, the optimal cost z ∗ (I1 ) is equal to z1 (I1 ). By the definition of K-approximation functions
(Definition 4.2), z ∗ (I1 ) ≤ z̃1 (I1 ) ≤ (1 + 2(T²+1) )T +1 z ∗ (I1 ). Thus, due to the inequality (1 + nx )n ≤ 1 + 2x,
which holds for every 0 ≤ x ≤ 1, we get that z ∗ (I1 ) ≤ z̃1 (I1 ) ≤ (1 + ²)z ∗ (I1 ).
We next prove by induction that for every t = 1, . . . , T + 1, z̃t is a nondecreasing K T +2−t -approximation
of zt and {Stmax } ∪ {x, next(x, St ) | Stmax > x ∈ Wt } is a 1-approximation set of it. The base case of t = T + 1
follows from Theorem 4.4. The induction hypothesis is that z̃t+1 is a nondecreasing K T +1−t -approximation
max
max } ∪ {x, next(x, S
of zt+1 and {St+1
> x ∈ Wt+1 } is a 1-approximation set of it. By applying
t+1 ) | St+1
0
0
0
Proposition 7.2 with K1 = K2 = 1, L1 = K and L02 = K T +1−t we get that z̄t is a (not necessarily monotone)
K T +1−t -approximation of zt . By the definition of z̃t we get that it is a nondecreasing function that satisfies
z̃t (next(x, Wt )) ≤ K z̃t (x),

∀Stmax > x ∈ Wt and next(x, Wt ) 6= next(x, St ).

(14)

To see this we distinguish between 3 cases. If z̃t equals z̄t on both x and next(x, Wt ) then (14) holds by
applying Lemma 9.1 with ψ := zt , L := K T +1−t and ϕ := z̄t . If z̃t (x) 6= z̄t (x), then z̃t (x) = z̃t (next(x, Wt )),
and (14) is again satisfied. Otherwise, z̃t (x) = z̄t (x) and z̃t (next(x, Wt )) 6= z̄t (next(x, Wt )). Then we have
z̃t (next(x, Wt )) < z̄t (next(x, Wt )) ≤ K z̄t (x) = K z̃t (x), where the second inequality is due to Lemma 9.1.
Note that by Proposition 4.3 Wt is a K-approximation set of z̃t . Next we show that z̃t is a K T +1−t approximation of zt restricted to Wt . Indeed, from the definition of z̃t we have
z̃t (x) ≤ z̄t (x) ≤ K T +1−t zt (x),

∀x ∈ Wt .

(15)

On the other hand, for every Dmax > x ∈ Wt and next(x, Wt ) 6= next(x, St ) we have
z̃t (x) = min{z̄t (x), z̃t (next(x, Wt ))} ≥ min{zt (x), zt (next(x, Wt ))} = zt (x),

(16)

where the inequality is due to the fact that z̄t is an approximation function of zt , and z̃t (next(x, Wt )) = z̄t (y)
for some y ≥ next(x, Wt ) so the monotonicity of zt implies z̃t (next(x, Wt ))} = zt (y) ≥ zt (next(x, Wt )).
We apply now approximation of approximation sets (Proposition 6.2) with ϕ1 = z̃t , K1 = K, ϕ2 = zt and
K2 = K T +1−t and get that ˆ˜z t = z̃t is a K T +2−t -approximation of zt as needed.
S = max
It remains to analyze the running time of the algorithm. Recall that UD
t=1,...,T +1 |St | is the
A
size of the maximal state space, UD = maxt=1,...,T |At | is the size of the maximal action space, and UR =
maxt maxI∈It , x∈At (I), d∈Dt gt (I, x, d) is the maximal single-period cost value. Due to Conditions 1 and 2
log U S , log U A and log UR are all polynomially bounded by the input size. For ease of exposition, let us
assume that all these values are at least 2. By Theorem 4.4, Steps 2-3 of Algorithm 3 are executed in
S ) time, where t is the time needed to evaluate g. Clearly, the “for loop” is executed T
O(tg logK UR log UD
g
20

St )
times and so is function Subset. By Lemma 9.1 each execution of function Subset takes O(logK UR log UD
z̄t
0
0
time, where tz̄t is the time needed to evaluate z̄t in (11). We now apply Proposition 7.2 with L1 = K1 = K20 =
K and L02 = K T +1−t . Wtc is simply Wt+1 from the previous iteration of the for loop. By Theorem 4.4 we build
A t ) time. Therefore t = O(n∗ log U (log U A t +t
Wta and Wtb of size O(logK UR ) in O(logK UR log UD
g
z̄t
z̃t+1 )),
K R
D g
where tz̃t+1 is the time needed to evaluate z̃t+1 from the previous iteration of the for loop. Since z̃t+1 is stored
succinctly in a sorted array of size |Wt+1 |, we get that tz̃t+1 = O(log logK UR ). We conclude that the running
S log U A ). Since ² < 1, we get that
time of the algorithm is O((tg + tf + log(logK UR ))n∗ T log2K UR log UD
D
1
²
K < 2, so O(logK UR ) = O( K−1 log UR ). By replacing K with 1 + 2T , we conclude that the running time of
the algorithm is
T
n∗ T 3
S
A
log UD
).
(17)
O((tg + tf + log( log UR )) 2 log2 UR log UD
²
²
S , log U A and
Since UR depends linearly on the multiplying factor, which is at most M1 , and since log UD
D
log M1 are all polynomially bounded by the input size, the algorithm runs in polynomial time in both the
input size and 1² .
Remarks: The dependency of the running time of the algorithm on T is at most T 3 log T and on ² is at most
1
log 1² . Note that if the single-period cost function gt can be expressed as the sum of univariate functions
²2
as explained in the end of Section 7, then by computing a single K-set of it for each time period, the running
∗ 3
S + t n∗ T 2 log U A ). Note also
time of the algorithm is improved to O((tf + log( T² log UR )) n ²T2 log2 UR log UD
g ²
D
that the numbers computed throughout the algorithm are polynomially bounded by the input size: they are
all bounded by M1 T UR .
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10.1

Extensions
Maximization problems

Not surprisingly, our framework applies for maximization problems as well, as summarized in Theorem 3.3.
We give here details how to apply the framework for maximization problems. So far we have considered
one-sided approximations, where for K ≥ 1, the approximated function ϕ̃ is “sandwiched” between the
original function ϕ and Kϕ (see Definition 4.1). This was done so the approximated value found by our
FPTAS is “sandwiched” between the optimal value and K times of it. For maximization problems we need a
different one-sided approximation, one with K ≤ 1 (e.g., K = 1 − ²). We apply the standard transformation
max ϕ = − min −ϕ. It is easy to see that when expanding all the definitions in Sections 4-9 to non-positive
functions and to K 0 s and L0 s with positive values not exceeding 1, then all our results carry over.

10.2

Random vectors

Until now we have assumed that the Dt are independent random one-dimensional variables. Dealing with
multi-dimensional random variable, i.e., random vectors, is straightforward. Consider, for example, a more
general version of the stochastic adaptive ordered knapsack problem studied in Section A.1, where not only the
volume Vt is a random variable, but also the profit Πt . In this case the input includes the mutual distribution
of (Vt , Πt ) = Dt (for every t we allow Vt and Πt to be non-independent). The domain of the single-period
cost function gt and the transition function ft is then 4-dimensional, where gt (It , xt , Vt , Πt ) = xt Πt δVt ≤It and
ft (It , xt , Vt , Πt ) = (It − xt Vt )+ . Another example concerns supply processes. Suppose that in addition there
is a possibility that the order to include an item into the knapsack may not be fulfilled, depending on the
instantiation of an additional binary random variable Ot . Then the domain of the single-period cost function
gt and the transition function ft is augmented to be 5-dimensional, where gt (It , xt , Vt , Πt , Ot ) = Ot xt Πt δVt ≤It
and ft (It , xt , Vt , Πt ) = (It − Ot xt Vt )+ . An example of a binary random process in inventory control theory is
given in [PWG95]. Random yield models in logistics generalize the supply process in that the proportion of
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the order being executed is a random variable (see the survey [YL95] and the references therein). Consider,
for example, a random yield version of the batch disposal problem studied in Section A.2.2, where the
single-period cost function gt and the transition function ft depend on both the random variable Gt counting
the number of units of newly arriving goods, and a random yield random variable Ot (i.e., the random
vector is Dt = (Gt , Ot )). In this case gt (It , xt , Gt , Ot ) = Ot ct xt + Kt δOt xt >0 + ht (It + Gt − Ot xt ), and
ft (It , xt , Gt , Ot ) = (It + Gt − Ot xt )+ .

10.3

Non independence

Dealing with non-independent random vectors requires more attention. Let us consider the well-studied
model of “World-Driven Demand” (“Markov-Modulated Demand”) (see, for example, [CSL04, IK62, KF59,
SZ93] and pages 415-420 in [Zip00]). There is an exogenous discrete-time Markov process W = {Wt }, called
the world. The distribution of Dt now depends on the current value of Wt = w. This means that the Dt are
no longer independent, they are influenced by the Wt , and the Markovian dependence among the Wt induces
dependence in the Dt . We even allow Dt and the next world state Wt+1 to be driven by common events,
so Dt and Wt+1 may be dependent. We assume, however, that these are the only sources of dependence,
i.e., conditional on Wt , the pair (Dt , Wt+1 ) is independent of all past events. In a generalization of the
cash management problem [HW01], the world may represent the economy. In a generalization of the batch
disposal problem where the goods are ashes of fireplaces, the world may represent the weather.
Let the world state consist of the n states [1, . . . , n], and be represented by a transition probability matrix
(Wi,j ). Note that the classical model of i.i.d. Dt is contained in our model by choosing the world to consist
of a single state. Also note that the basic model presented in Section 3 is contained in our model: we simply
set the number of states in the world to be n = T , and choose the matrix (Wi,j ) to be a T × T stochastic
matrix with wi,i+1 = 1 for i = 1, . . . , T − 1, wT,T = 1, and 0 elsewhere.
In the World-Driven Demand model the domain of zt is [1, . . . , n] × St . Thus instead of (4) we have
(
)
T
X
∗
z (w1 , I1 ) := min E gT +1 (wT +1 , IT +1 ) +
gt (Wt , It , xt , Dt ) ,
x1 ,...,xT

t=1

where the expectation is taken with respect to the mutual probability distribution of Wt and Dt , and
W1 = w1 . Instead of (5) we have
zT +1 (wT +1 , IT +1 ) = gT +1 (wT +1 , IT +1 ),
zt (wt , It ) =

min

xt ∈At (It )

EDt | Wt =wt {gt (wt , It , xt , Dt )+EWt+1 | Wt =wt zt+1 (Wt+1 , ft (wt , It , xt , Dt ))},

t = 1, . . . , T,

and instead of (6) we have
ED | Wt =wt {gt (wt , It , xt , Dt ) + EWt+1 | Wt =wt zt+1 (Wt+1 , ft (wt , It , xt , Dt ))} =
Ã
!
nwt
n
X
X
=
pwt ,j gt (wt , It , xt , dwt ,j ) +
wwt ,i zt+1 (i, ft (wt , It , xt , dwt ,j )) .
j=1

i=1

For every fixed world-state wt we compute K-approximation sets and functions of zt (wt , ·). Since the world
transition probability matrix is given explicitly, the computation will take polynomial time.
It is easy to generalize our framework to give FPTASs for any constant number of Markov-modulated
processes, where each process is modulated by a separate Markov chain. For example, if we have a Markovmodulated demand process W D and a Markov-modulated supply process W S , as studied in [GH04], then
the domain of zt (wtD , wtS , It ) becomes 3-dimensional, and for every pair of states (wtD , wtS ) ∈ [1, . . . , nD ] ×
[1, . . . , nS ] we compute for it K-approximating sets and functions.
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It is also possible to handle another case of non-independence. Here, there is no “world” state, but the
random process {D1 , . . . , DT } forms a Markov chain with transition matrix (Pij ). Then the state of the
environment in period t, dt , is dependent only on the observed state in period t − 1, dt−1 .
We last consider a non-Markov-modulated process, where the world state at time t, wt , transitions to
the next state by a deterministic transition function ht : W × S × A × D→W, i.e., being in world state wt ,
inventory state It , performing action xt , and having an instantiation dt of the random variable Dt , the next
world state is ht (wt , It , xt , dt ). If the number of world states is polynomially bounded by the input size, then
this case admits an FPTAS as well.
We conclude this section by considering Convex/Monotone DP with general non-independent random
variables.
Theorem 10.1. The stochastic ordered adaptive knapsack problem in which the weights of each period are
non independent is APX-hard.
Since in Section A.1 we formulated the stochastic ordered adaptive knapsack problem as a maximization
nondecreasing DP we get the following corollary:
Corollary 10.2. The Convex/Monotone DP framework presented in this paper cannot be extended to deal
with general non-independent random variables, unless P = N P .
The proof of Theorem 10.1 makes a transformation from the Max k-cover problem, which is known not to
be approximated within a factor of 1 − 1e [Fei98]).
Problem: Max k-cover (MkC)
Instance: m subsets S1 , S2 , . . . , S` ⊂ S = {1, 2, . . . , m} and an integer k ≤ m.
Question: What is the maximum number of elements of S that can be covered by exactly k subsets?
Proof. We transform MkC, for the case that |Sj | = 3 for each j, into the stochastic ordered adaptive
knapsack problem (SKP) (19). The proof below will carry through even if we permitted the sizes of the
subsets to vary. Let Sj = {sj1 , sj2 , sj3 } for each j = 1, . . . , `.
1. n = ` + 2m items, one for each subset and two for each element of S.
2. B = 8`k + 7k.
3. For periods j = 1 to ` of the stochastic knapsack problem, we have the following:
(a) πj = 0.
(b) 8` ≤ vj ≤ 8` + 7. Each occurs with probability 18 . We will discuss dependencies soon.
4. For the remaining 2m periods, induced by indices ` + 2j − 1 and ` + 2j for j = 1, . . . , m, we have the
following:
(a) π`+2j−1 = π`+2j = 1.
(b) Either v`+2j−1 = 0 and v`+2j = M or else v`+2j−1 = M and v`+2j = 0, where M = 9`k. Each
possibility occurs with probability 12 . Thus they are dependent. We refer to one of these elements
as light and one as heavy.
5. Define a binary function f : S→{0, 1} as follows. f (j) = 0 if v`+2j−1 = 0 and v`+2j = M , and let
f (j) = 1 otherwise.
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6. Also for j = 1, . . . , ` let vj = f (sj1 + 2f (sj2 ) + 4f (sj3 ) + 8`. This introduces lots of dependencies
between variables. We refer to elements 1 to ` as revealing. Each of these elements reveals the location
of 3 light elements.
It suffices to prove that if one can approximate SKP to within a factor 12 then one can approximate MkC
within a constant greater than 1 − 1e .
Without loss of generality, an optimum solution to this instance of SKP consists of selecting k of the first
` items, and then selecting as many as possible light elements of the remaining 2` items.
Suppose first that there is a feasible solution {Sj | j ∈ J} for MkC that covers K items. Then the optimal
solution to the stochastic adaptive knapsack problem has value between K and K + 2. To see this, let xj = 1
for j ∈ J. The value vj is a code that reveals the location of three light elements. The values {vj | j ∈ J}
reveal the location
P of Kj distinct light elements. Other items can be guessed, with an expected additional
value of at most m
j=1 2j < 2.
Suppose next that the optimal solution to SKP is at least K. The most that can be obtained by guessing
unrevealed light elements is a total value of 2. Therefore, the initial k items selected must have revealed the
location of at least K − 2 items, and so the solution to the max cover problem is at least K − 2.
1

K−2

Hence, the relative approximation ratio is at least 2 K = 21 − K2 . We conclude the proof by noting that
4e
approximating MkC within a constant 1 − 1e + ² is NP-hard even for K > 2−e
.

10.4

Structure of optimal policies

In this paper we mainly deal with complexity and computational issues of our framework. A natural issue
to explore is the structure of optimal and approximate policies for problems in our framework. Recall that
a real-valued function f : Rd →R+ is V-shaped on its first variable x if it is linear with non-positive slope for
x < 0, and linear with nonnegative slope for x > 0. Also recall that a limit policy (r, s) (−∞ ≤ r ≤ s ≤ ∞)
is a policy under which whenever the state I falls below r we augment it to r by ordering r − I units, and
whenever the state I exceeds s we decrease it to s by discarding of I − s units. (When the state I is between
r and s we do nothing.)
Theorem 10.3. Suppose a given convex DP satisfies the following. For every time period t and fixed Dt the
transition cost function ft (·, ·, Dt ) is linear and the absolute values of the coefficients for both its variables
are the same. Moreover, the single-period cost function can be expressed as gt (It , xt , Dt ) = vt (xt , Dt ) +
ut (ft (It , xt , Dt ), Dt ), where vt is V-shaped on xt , and ut is convex. Then this convex DP admits an optimal
limit policy (rt , st ) and Algorithm 2 computes such an approximated limit policy (r̂t , ŝt ).
Proof. Let us fix t. For the ease of terminology we refer to the state I as inventory level, and the action
x as production/disposal quantity (the former for positive values of x, the later for negative values). Due
to Condition 3(i), the coefficients are either -1,0 or 1. From the optimality equation (5) and linearity of
expectation, the optimal policy chooses x∗ that minimizes
EDt gt (It , ·, Dt ) + EDt zt+1 (ft (It , ·, Dt )).

(18)

The Convexity Invariant (Theorem 8.1) implies that zt+1 is convex, so since ft (It , ·, Dt ) is linear in x, we get
that zt+1 (ft (It , ·, Dt )) is convex as well. Moreover, since a convex combination of convex functions is such as
well, we have that (18) is convex. Let
at (It , xt ) := EDt vt (xt , Dt )

and

bt (It , xt ) := EDt ut (ft (It , xt , Dt ), Dt ) + EDt zt+1 (ft (It , xt , Dt )).

Then we have
zt (It ) = min at (It , xt ) + bt (It , xt ),
x∈At
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+
where at is V-shaped on x and bt (It , ·) is convex for every fixed It . Let a−
t (at ) be the slope of at on negative
(positive) x’s, respectively.
If both coefficients are 0, then ft (·, ·, Dt ) is indifferent to the action xt , and therefore also is bt , so the best
strategy is to minimize the V-shaped function at , i.e., do nothing. Hence in this case rt = −∞ and st = ∞.
We now analyze the case where both coefficients are 1. Let Rt := {I ∈ Z | bt (I −1, 0)−bt (I, 0) > a+
t } be all
the inventory levels for which production of 1 unit is beneficial. Let St := {I ∈ Z | bt (I +1, 0)−bt (I, 0) > |a−
t |}
be all the inventory levels for which disposal of 1 unit is beneficial. Note that here we make use of the case
assertion that the coefficients for both first variables of ft (·, ·, Dt ) are equal. We next show that the levels of
the limit policy are
rt := max Rt ,
st := min St .

(In case that a set is empty, we define its maximum (minimum) to be −∞ (∞), respectively.) Note that the
convexity of function at implies that the set Rt is connected over Z, so if the current inventory is It ∈ Rt then
producing rt − It units is beneficial. Similarly, if the current inventory is It ∈ St then due to the convexity
of function at , disposing of It − st units is beneficial. This completes the proof for the case where both first
coefficients of ft (It , ·, Dt ) are 1.
If the coefficient of It is 1 and of xt is -1, then negative x’s mean production and positive x’s mean
disposal (graphically, function at is rotated along the x = 0 plane). Hence we define for this case Rt0 := {I ∈
Z | bt (I − 1, 0) − bt (I, 0) > a−
t } to be all the inventory levels for which production of 1 unit is beneficial,
and St0 := {I ∈ Z | bt (I + 1, 0) − bt (I, 0) > |a+
t |} to be all the inventory levels for which disposal of 1 unit is
beneficial. The rest of the analysis for this case is identical to the former case.
We note that the case where both coefficients are −1 is completely analogue to the first case, and the
case where the coefficient of It is -1 and of xt is 1 is completely analogue to the second case.
It remains to analyze the structure of the policy exercised by Algorithm 2. Note that all approximated
functions calculated by the algorithm are piecewise-linear convex functions with breakpoints belonging to
the approximation sets built during the execution of the algorithm. Hence, the optimal policy for these
approximated functions is also a limit policy, with the additional property that both policy levels are at
breakpoints. Since the algorithm checks all these breakpoints, the production quantities output by the algorithm follow the optimal limit policy for these (approximated) piecewise-linear convex functions, and these
quantities serve as approximated quantities for the exact convex functions. Note that it is easy to change the
algorithm so it will output the approximated limit policy levels for each time period.
The cash management problem studied in Section A.4 satisfies the conditions of the theorem above.

10.5

Non-exact evaluation of cost functions

In Condition 2, we require that gt be evaluated in polynomial time. We can weaken this condition by
requiring that there exists an FPTAS for evaluating gt .
Assumption 10.4. For every δ ≥ 0 and time period t there exist a function g̃tδ such that
|g̃tδ (x) − gt (x)|
≤ δ,
gt (x)
for every x, and this function can be evaluated in polynomial time in the input size and 1/δ.
This assumption is equivalent to the statement that for every K > 1, gt has a two-sided K-approximation.
Definition 10.5. Let K > 1 and let ϕ : D→R be a function. We say that ϕ̃ : D→R is a two-sided
K-approximation of ϕ if for all x ∈ D we have ϕ(x)/K ≤ ϕ̃(x) ≤ Kϕ(x).
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Proposition 10.6. Let K > 1 and let ϕ : D→R be a function. If ϕ̃ : D→R is a two-sided K-approximation
of ϕ, then K ϕ̃ is a (one-sided) K 2 -approximation of ϕ.
Suppose first that either Condition 3(ii) or Condition 3(iii) is satisfied, and that there exists an FPTAS for
evaluating each of gta , gtb . In order that our framework applies, we need build for each of these functions a
monotone K-approximation function. We do this as follows (for brevity we deal only with gta and assume
it is nondecreasing. The case of gtb is analoguous). For simplicity we omit the superscript
a and subscript
√
√
3
3
a
K
t from the notation gt . Let√I ∈ St and d ∈ Dt be fixed. Let ḡ(I, ·, d) ← Kg
(I, ·, d) be √
a one-sided
3
(not necessarily monotone) K 2 -approximation of g(I, ·, d). Let W (I, d) ←Subset(ḡ(I, ·, d), A, 3 K). Last,
let g̃(I, ·, d) be the maximal nondecreasing function that is bounded above by ḡ(I, ·, d) on W (I, d). By the
analysis in we get that g̃(I, ·, d) is a nondecreasing K-approximation of g(I, ·, d). We apply Proposition 7.2
in the proof of Theorem 9.3 with K10 = K instead of K10 = 1.
For the convex case we need to have a stronger assumption
that there exists a convex FPTAS for gt . In
√ √K
this case, in the proof of Theorem 8.4 we simply use Kgt (I, ·, d) as a one-sided convex K-approximation
of gt , and apply Proposition 7.1 with K10 = K instead of K10 = 1.

10.6

Multivariate functions

A natural question is as follows. Can we generalize Theorem 4.4 to multivariate functions? Unfortunately,
due to the counting argument given below, this is not possible for the natural extension of this theorem. To
see this, we first observe that directly from the definition of K-approximation functions we have
Proposition 10.7. For every K > 1, d ∈ N and binary function ϕ : [1, U ]d →[0, 1], ϕ coincides with any of
its K-approximation functions.
So approximating ϕ instead of exactly calculating ϕ does not reduce the complexity of the problem.
2
We next count the number of “special” binary functions over [1, U ] × [1, U ]. Clearly, there are 2U
2
distinct binary functions over [1, U ] × [1, U ]. Therefore, we need Ω(log 2U ) = Ω(U 2 ) space to represent such
a function, i.e., more than polylogarithmic in U .
√
U)

Proposition 10.8. There are Ω(2

monotone convex binary functions over [1, U ] × [1, U ].

Proof. Due to the monotonicity of the function, the number of (consecutive) 0’s in the (beginning of the)
rows decreases in a convex way as we proceed with the rows. For every row i ≥ 2 we need to determine
xi := the number of more 1’s that appear in this row relatively to row i − 1. The convexityPimplies that
x2 ≤ x3 ≤ · · · ≤ xU . We count the special case where row U consists of 1’s only. In this case U
i=2 xi = U .
Each such combination of xi ’s is a partition of U into at most U − 1 positive integers. Let P (U ) be the
number of partitions of U (including the partition of U into U 1’s). The number √
of combinations in our
special case is hence P (U ) − 1. The proposition follows from the fact that P (U ) > 2 U [HR18].
√
So we need Ω( U ) space to represent a convex-nondecreasing binary function, again too much. Since in
principle it is impossible to represent binary functions over domain D in O(logk |D|) space, for any fixed k,
we get the following theorem
Theorem 10.9 (Non existence of succinct approximations for multivariate functions). For any K > 1, a
bivariate convex and monotone function does not necessarily admit a succinct K-approximation, regardless
of the scheme used to represent the function.
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Concluding remarks and future research

In this paper we have presented a framework for obtaining FPTASs for stochastic monotone or convex
dynamic programs. Other recent developments in approximation algorithms for stochastic dynamic and
multistage programs are based on gradients or sampling. Our framework is based on the notion of approximation sets and functions. We still use the standard optimality equation or recursion; however, we
consider only polynomially many states. Our algorithm relies on either convexity or monotonicity of the
value function.
Previous works tried to determine sufficient and necessary conditions for a dynamic program to admit
an FPTAS. While most of these works are not constructive, the one of Woeginger [Woe00] gives sufficient
conditions for a deterministic dynamic program to admit an FPTAS, and states a clear FPTAS for such a
DP. He demonstrates a number of examples that fit into his framework, where all of those examples have
already (other) known FPTASs. We note that none of the problems discussed in this paper appears to fit
into his framework, either because the problem is stochastic, or it does not satisfy his Condition C4(ii).
It is interesting to relax any of Conditions 1-3. Regarding Condition 1, we would have liked to extend
our framework to deal with multi-variate DP, i.e., to allow fixed-dimensional state and action spaces. Theorem 10.9 tells us that our approach does not extend to multi-variate functions. The question is therefore,
does there exist FPTASs for multi-variate monotone DP? Unfortunately, the answer is is unlikely to be positive, since it is known that the existence of an FPTAS for the 2-dimensional 0/1 knapsack problem (which
can be formulated as a 2-dimensional nondecreasing DP) would imply P = N P (see p. 252 in [KPP04] and
the references therein).
Our method appears quite general. Is it possible to extend it to other recursive structures rather than finite horizon DPs (which can be reduced to problems on path-like graphs)? The answer is positive. In [HLS08]
a subset of the authors apply K-approximation sets and functions to design an FPTAS for time-cost tradeoff
project scheduling problems over series-parallel graphs. We can also address optimization problems over
trees. It is interesting to formulate a general recursive structure that admits FPTASs using our method.
In Section 10.5 we deal explain how to get FPTAS in the case where we have only indirect access to the
cost functions via FPTASs. We solve the monotone DP case by transforming a (not necessarily monotone)
FPTAS for a monotone function ϕ into a monotone K-approximation of ϕ. In the convex DP case we
assume that our FPTAS is convex. It is interesting to relax this assumption. A possible way to achieve
this is by showing how to convert a (not necessarily convex) FPTAS for a convex function ϕ into a convex
K-approximation of ϕ.
We conclude with two complexity remarks. First, Alekhnovich et al. [ABB+ 05] present a model for
backtracking and dynamic programming. They prove several upper and lower bounds on the capabilities
of algorithms in their model, and show that it captures the simple dynamic programming framework of
Woeginger [Woe00]. In their paper they question whether their model captures other dynamic programming
algorithms. It would be interesting to check the capabilities of our framework in this context.
Second, many #P-complete problems exhibit fully polynomial randomized approximation schemes (FPRASs),
for example, counting Hamiltonian cycles in dense graphs [DFJ98], counting knapsack solutions [Dye03],
counting Eulerian orientations of a directed graph [MW95], counting perfect matchings in a bipartite graph
[JS89], and computing the permanent [JSV04]. To the best of our knowledge, the only deterministic FPTASs
for #P-hard problems known up-to-date and published in the literature are found in the very recent works
of [Wei06, BG07, BGK+ 07, GD07], and are developed by applying methods from statistical physics. Our
FPTAS, which uses different methods, is another rare example in the literature of a (deterministic) FPTAS
for #P-hard problems. Dyer et al. [DGGJ03] investigate classes of counting problems that are interreducible
under approximation-preserving reductions. One of these classes is the class of counting problems that admit
(randomized) FPRASs. It is therefore interesting in this context to investigate the class of counting problems
that admit FPTASs.
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Appendix
A

Applications of the model

In this section we demonstrate the application of our framework to various dynamic problems.

A.1

Knapsack-related problems

The classical knapsack problem can be formulated as follows. We are given n items, each is associated with
integer profit πi and volume vi , i = 1, . . . , n. We are also given an integer knapsack volume B. The goal is
to select a subset of this items with maximum profit without exceeding the knapsack volume. Formally, the
problem is
Pn
max
Pni=1 πi xi
subject to
(19)
i=1 vi xi ≤ B
xi ∈ {0, 1}
i = 1, . . . , n.
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In this formulation, xi indicates the selected items, πi is the profit generated from selecting item i, vi is the
space consumption of item i, and B > 0 is the capacity of the knapsack.
This problem is also known as the 0/1 knapsack problem, since each item can appear in the knapsack 0
or 1 times. The 0/1 knapsack problem is NP-hard [Kar72] and a first FPTAS for it was developed by Ibarra
and Kim [IK75].
A.1.1

The stochastic ordered adaptive knapsack problem

Many stochastic variants of the knapsack problem have been studied in the literature. We consider the
ordered adaptive model which is discussed in [DGV04]. In this model we are given a sequence (i.e., ordered
set) of n items. While the profit of item i, πi , is a constant, its volume, vi , is a random discrete variable
with a known distribution. The distribution of vi is given as the one of Dt in Section 3. The problem
is about which of the items to place in the knapsack, and the decision must be made in the order of the
items. The actual volume of an item is unknown until we instantiate it by attempting to place it in the
knapsack. The goal is to maximize the expected profit from items successfully placed in the knapsack. In
the ordered adaptive model the decision whether to put item i in the knapsack is made after knowing the
available capacity of the knapsack after executing the previous i − 1 decisions. In the ordered nonadaptive
model all n decisions are made in advance. In [DGV04] the authors give a polynomial time algorithm for
the stochastic ordered adaptive knapsack problem. For every ² > 0 their algorithm gives a solution whose
value is at least the optimal value, at the expense of a slight loss in terms of feasibility, i.e., the total volume
of the items placed in the knapsack does not exceed (1 + ²)B. While valuable, their algorithm is not in the
spirit of FPTASs, in which constraints are treated as “hard” and feasibility is always maintained.
Several variants of the stochastic knapsack problem discussed above were considered in the past. Knapsack problems with deterministic volumes and random profits were studied in [CSW93, Hen90, Sni80, SP79].
Another somewhat related variant, known as the stochastic and dynamic knapsack problem, involves items
that arrive on-line according to some stochastic process [KP01, PRK96]. Two recent papers due to Kleinberg et al. [KRT97] and Goel and Indyk [GI99] consider a stochastic knapsack problem with “chance”
constraints. Like our model, they consider items with deterministic profits and random volumes. However,
their objective is to find a maximum-profit set of items whose probability of overflowing the knapsack is at
most some specified value.
We now present a dynamic program for the problem. Let zt (It ) be the expected profit when considering
only items t to n, where the remaining available volume in the knapsack is It . The recurrence relation is
(recall that x+ = max{x, 0})
zt (It ) = max{EvT {πt δvt ≤It + zt+1 ((It − vt )+ )}, zt+1 (It )},

(20)

for It = 1, . . . , B and t = 1, . . . , n. The boundary conditions are zn+1 ≡ 0 and zt (0) = 0 for t = 1, . . . , n.
The optimal solution is z1 (B).
We note that the first term in the set in (20) is the outcome of placing item t in the knapsack, and the
second term is the outcome of not doing so. In order to show that this program fits in our framework we
need to reformulate (20) as a maximization over a function of the action space. It is easy to see that (21)
below is equivalent to (20), and that it is indeed a maximization over a function of the action space:
zt (It ) = max Evt {xt πt δvt ≤It + zt+1 ((It − xt vt )+ )}.
xt =0,1

(21)

We next show that program (21) is a maximization nondecreasing dynamic program which fits in our framework, i.e., a dynamic program satisfying Conditions 1, 2 and 4(iii) (recall that the last condition is the counterpart of Condition 3 for maximization problems). We define Dt = vt , St = [0, . . . , B], At = At (It ) = [0, 1]
for all It and t = 1, . . . , n. We define the system dynamics function to be ft (It , xt , Dt ) = (It − xt Dt )+ , t =
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1, . . . , n, and the single-period cost functions to be gn+1 (In+1 ) = 0 and gt (It , xt , Dt ) = xt πt δDt ≤It , t =
1, . . . , n.
We need to show that Conditions 1, 2 and 4(ii) are satisfied. Let us fix the time period t. Clearly,
Dt , St , At ∈ Z. The logarithm of the cardinality of the maximum element in St is linear in the input size
since the input size of B is log B. Hence Condition 1 is satisfied. Clearly, Condition 2 is satisfied as well.
As for Condition 4(ii), note that both gt and ft are nondecreasing in It , ft is nonincreasing in xt , gt is
nondecreasing in xt , and At (It ) does not depend on It . Therefore, this condition is satisfied as well.
A.1.2

The nonlinear knapsack problem

Consider a nonlinear knapsack problem with a separable nondecreasing objective function, a separable nondecreasing “packing constraint”, and integer variables. The problem can be formulated as follows:
Pn
max
πi (xi )
Pi=1
n
subject to
i=1 vi (xi ) ≤ B
(22)
0 ≤ xi ≤ ui
i = 1, . . . , n
xi ∈ Z+
i = 1, . . . , n.
In this formulation, xi represents the number of units of item i selected, πi (xi ) is the profit generated from
these xi units, vi (xi ) is the space or weight consumption of these xi units, B > 0 is the capacity of the
knapsack, and ui ≥ 0 is an upper bound requirement of xi . We assume that πi : Z+ →Z+ and vi : Z+ →Z+
are nondecreasing functions that are evaluated in polynomial time, and which satisfy πi (0) = vi (0) = 0.
Define ρi : Z+ →Z+ such that ρi (y) := max{x | vi (x) ≤ y} for any y ∈ Z+ . Note that function ρi is
nondecreasing and can be evaluated in logarithmic time and calls to function πi using binary search. Define
Ri := ρi (B) to be the maximum number of units of item i that can be stored in the knapsack.
Many versions of the nonlinear knapsack problem have been addressed in the literature, but the setting
of our problem is quite general because functions πi and vi are not restricted to be linear, convex, or concave.
For recent surveys on the nonlinear knapsack problem, see [BS02, KPP04, KN09]. When ρi (xi ) = xi for all
i = 1, . . . , n, the problem is usually referred to as the “resource allocation problem”. For detailed discussions
of the resource allocation problem, see [IK70].
Problem (22) is a generalization of the classical 0/1 knapsack problem (i.e., when all πi and vi are linear,
and all ui = 1). Since the classical 0/1 knapsack problem is known to be NP-hard [Kar72], problem (22) is
NP-hard as well. As we mentioned above, an FPTAS for the 0/1 knapsack and integer knapsack problems was
first developed by Ibarra and Kim [IK75]. Lawler [Law79] has improved the efficiency of Ibarra and Kim’s
FPTAS and has discussed its extension to the nonlinear case. However, Lawler’s approximation scheme
is no longer polynomial when it is applied to the nonlinear knapsack problem. Hochbaum [Hoc95] has
demonstrated that Lawler’s approximation scheme is implementable in polynomial time when πi is concave
and vi is convex for i = 1, . . . , n. Safer and Orlin5 give a more has given an FPTAS to our problem in a
technical report (see pages 26-29 in [SO95]). They deal with the case where πi is (general) nondecreasing and
vi is linear. This is without loss of generality, since (22) can be formulated in this setting. Very recently, and
independently to our work, Kameshwaran and Narahari [KN09] give an FPTAS to a special case where the
cost function is a piecewise-linear monotone function that is represented explicitly by tuples of breakpoints,
slopes, and costs at breakpoints. Their algorithm is not simple and makes O(n3 ) calls to linear programs.
Our solution assumes that the cost function is given imlicitely as an oracle, is much simpler, and does not
involve linear programs solving.
Next, we present a dynamic program for problem (22). Define zt (I) as the maximum total profit from
5

Note from Nir: Jim, could you please summarize your work in a better way?
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items t, . . . , n given that the available knapsack space is I. The recurrence relation is
zt (It ) :=

max

xt ∈[0,...,min{ut ,ρt (It )}]

{πt (xt ) + zt+1 (It − vt (xt ))} ,

for It = 1, . . . , B and t = 1, . . . , n. The boundary conditions are zT +1 (It ) := 0, for It ≥ 0. The optimal
solution value is z1 (B).
We show next that problem (22) is a maximization nondecreasing DP that fits into our framework, where
π and vi are general nondecreasing integer-valued functions. Since the problem is deterministic, we omit
the discrete random variables from our functions. We define T := n, gT +1 ≡ 0, gt (It , xt ) := πt (xt ) and
ft (It , xt ) := It − vt (xt ). The problem is to find z ∗ (B) in (4). The state space St describes the capacity of the
knapsack after storing in it items of type t, . . . , T , hence St ⊆ [0, . . . , B]. We define the boundary state space
ST +1 to be ST . The action space At describes the number of units of item t to put in the knapsack. Clearly
At ⊆ [0, . . . , Ri ]. We note that At (It ) = [0, . . . , min{ut , ρt (It )}]. Since vt are computable in polynomial time
we get that Condition 1 holds, and since πt are computable in polynomial time we get that Condition 2 is
satisfied. We conclude by noting that it is straightforward to check that Condition 4(ii) holds as well.
Note that the nonlinear knapsack problem has numerous applications in areas such as capacity planning,
production planning, and capital budgeting (see, for example, [IK70] and [BS02]). The problem with nonconcave and nonconvex functions is particularly important, because elements such as fixed charges may result
in a nonconcave profit function πi , while economies of scales may result in a nonconvex packing function vi .
Note also that in a similar way we can provide an FPTAS for the corresponding nonlinear minimization
knapsack problem
Pn
min
πi (xi )
Pi=1
n
subject to
i=1 vi (xi ) ≥ B
(23)
0 ≤ xi ≤ ui
i = 1, . . . , n
xi ∈ Z+
i = 1, . . . , n.
A.1.3

Dynamic Capacity Expansion

We consider a multi-period capacity expansion problem in telecommunication network planning. The problem is defined as follows: Given a set of transmission technologies {1, . . . , n} such as copper cables of various
sizes, optical fiber cables with different bit rates, etc., we would like to determine a combination of sizes of
these technologies to be installed in each time period. Our objective is to satisfy a given demand of circuits
in each time period of the planning horizon at minimum cost. The problem is formulated as follows:
PT Pn
min
πt,i (xt,i )
Ptt=1 Pi=1
n
subject to
j=1
i=1 vi xj,i ≥ Ct t = 1, . . . , T
xt,i ∈ Z+
t = 1, . . . , T ; i = 1, . . . , n.

(24)

In this formulation the planning horizon is divided into T time periods. Variable xt,i is the amount of
technology i installed in period t. Parameter vi is the
Pt unit capacity of technology i, Dt is the added demand
requirement (expansion) in period t, and Ct :=
j=1 Dj is the accumulated demand over time periods
1, . . . , t, where vi > 0 and Dt ≥ 0. We assume that vi and Dt are integers for i = 1, . . . , n and t = 1, . . . , T .
The quantity πt,i (xt,i ) is the present value of the monetary resources spent on technology i in time period t,
where πt,i : Z+ →Z+ is a nondecreasing function. Note that when T = 1, problem (24) becomes a nonlinear
minimization knapsack problem (see [KPP04]), which is known to be NP-hard.
Saniee [San95] has studied this multi-period capacity expansion problem, in which the function πt,i is
of the form πt,i (xt,i ) = xt,i πi γ t−1 , where πi is unit cost of technology i and γ is a constant discount factor
(0 < γ < 1). He has developed a pseudo-polynomial time algorithm for the problem. In our model, we allow
a general nondecreasing cost function πt,i .
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In what follows, we develop an FPTAS for problem (24) by modifying Saniee’s algorithm and making
use of our framework. First, we consider a single time period t, and let Πt (k) be the optimal cost to meet k
units of demand in that period (assuming that there is no capacity carried over from the previous period).
To obtain the value of Πt (k), we need to solve the following nonlinear minimization knapsack problem:
Pn
min
Pni=1 πt,i (xt,i )
subject to
(25)
i=1 vi xt,i ≥ k
xt,i = 0, . . . , x̄t,i i = 1, . . . , n.
Here, x̄t,i represents an upper bound on xt,i . For example, we may set x̄t,i := d vki e. In this way problem (25)
is an instance of problem (23). Clearly, Πt is a nondecreasing function, and therefore by Theorem 4.4 we
can provide for it a K-approximation set and a corresponding K-approximation function in time which is
polynomial in the input size, for every t = 1, . . . , T .
Next, we present a dynamic program for problem (24). Define zt (I) as the minimum total cost to meet
the demands of periodsPt, . . .P
, T , given that there are already I units of accumulated capacity available from
t−1
period t − 1 (i.e., I = j=1 ni=1 vi xj,i ), for t = 1, . . . , T + 1 and I = 0, . . . , CT . The recurrence relation is
zt (It ) =

min

xt =max{0,Ct −It },...,CT

{Πt (xt ) + zt+1 (min{It + xt , CT })}

for It = 0, . . . , CT and t = 1, . . . , T . The boundary conditions are zT +1 (It ) := 0, It ≥ 0. The optimal
solution value is z1 (0).
In this paragraph we show that problem (24) is a nonincreasing DP that fits into our framework. Since the
problem is deterministic the random variable accepts one value, Dt , with probability 1. We define gT +1 ≡ 0,
gt (It , xt , Dt ) := Πt (xt ) and ft (It , xt , Dt ) := It + xt . Since Πt is nondecreasing, gt (It , xt , Dt ) is constant
in its first variable and is nondecreasing in its second variable. Clearly ft (It , xt , Dt ) is nondecreasing in
both its two first variables. The problem is to find z ∗ (0) in (4). The state space St describes the overall
capacity of the network in time period t. In an optimal solution it suffices the consider St = [0, . . . , CT ] for
t = 1, . . . , T + 1. The action space At describes the amount of capacity expansion from time period t − 1 to
t. Here At = [0, . . . , CT ] and At (It ) = [(Ct − It )+ , . . . , CT ] for t = 1, . . . , T and It = 0, . . . , CT . Directly from
the definitions of Dt , St , At and gt we get that Conditions 1, 2 and 3(iii) are satisfied. The “catch” is that
we cannot compute gt exactly, and as explained above we compute a K-approximation of it instead. Due
to approximation of approximation (property 7 in Proposition 5.1), the accumulated error remains under
control.
We note that our FPTAS trivially extends to the non-linear capacities case, where the capacity of xt,i
items of technology i in time period t is a nondecreasing function vi : Z+ →Z+ . We also note that our FPTAS
trivially extends to the case of stochastic added demand.
It is not difficult to check that we can solve in an analogous way the following maximization version of
problem (24):
PT Pn
max
πt,i (xt,i )
Ptt=1 Pi=1
n
(26)
subject to
j=1
i=1 vi xj,i ≤ Ct t = 1, . . . , T
xt,i ∈ Z+
t = 1, . . . , T ; i = 1, . . . , n.
Note that problem (26) is a generalization of the (linear) multi-period knapsack problem [Faa81]. Thus, our
FPTAS is also applicable to the multi-period knapsack problem.

A.2
A.2.1

Logistics and operations management
Machine scheduling

Consider the following machine scheduling problem: There is a single machine and n jobs J1 , . . . , Jn . Job
Jj has a given due date dj ∈ Z+ , a late penalty wj ∈ Z+ , a “normal” processing time p̄j ∈ Z+ , and a
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nonincreasing resource consumption function ρj : Z+ →Z+ with ρj (x) = 0 for any x ≥ p̄j . The processing
time of Jj , denoted as xj , is a nonnegative integer decision variable, and a cost of ρj (xj ) is incurred if xj is
chosen to be less than p̄j . All jobs are available for processing at time 0, and job preemption is not allowed.
We assume that function ρj can be evaluated in polynomial time. The objectivePis to determine the job
processing times and to schedule the jobs onto the machine so that the total cost, nj=1 [wj δCj >dj + ρj (xj )],
is minimized, where Cj is the completion time of processing of Jj . Note that in reality a job processing time
xj cannot be smaller than some lower limit pj > 0, no matter how much resource we allocate to the job. In
such a case, we define ρj (xj ) = M for xj < pj , where M is a large number, polynomially bounded by the
input size.
P
Note that the special case in which all job compressions are prohibitively expensive (denoted as 1|| wj δj
in the machine scheduling literature) is already NP-hard [LLRS93]. Thus, our problem is also NP-hard.
Cheng et al. [CCLL98] have considered a special case of this problem in which ρj is a linear function. They
have converted the special case into a profit maximization problem and developed an FPTAS for it. However,
the existence of an FPTAS for the profit maximization problem does not imply the existence of an FPTAS
for the original cost minimization problem. We will present an FPTAS for the original minimization problem
and we consider a general nonincreasing resource consumption function.
We first present a pseudo-polynomial-time dynamic program for our problem: We renumber the jobs
such that d1 ≥ d2 ≥ · · · ≥ dn . (Note: There exists an optimal solution in which all on-time jobs are arranged
in nondecreasing order of due dates.) Let zj (It ) be the minimum total cost of a partial schedule containing
Jj , . . . , Jn , given that the total processing time of the on-time jobs is no greater than It . The recurrence
relation is
zt (It ) = min{ min {zt+1 (min{It − xt , dt+1 }) + ρt (xt )}, zt+1 (min{It , dt+1 }) + wt },
xt =0,...,It

(27)

for t = 1, . . . , n and It = 0, . . . , dt , and the boundary condition is zT +1 (IT +1 ) = 0, for IT +1 = 0, . . . , d1 . The
optimal solution value is z1 (d1 ). It is easy to see that we can replace (27) with
zt (It ) =

min

xt =0,...,It

{zt+1 (min{It − xt , dt+1 }) + min{ρt (xt ), wt }} .

(28)

We show next that problem (28) is a nonincreasing DP that fits into our framework. Since the problem is
deterministic, dt is the only realization of Dt . We define T := n, gT +1 ≡ 0, gt (It , xt , Dt ) := min{ρt (xt ), wt }
and ft (It , xt , Dt ) := min{It − xt , Dt }. The problem is to find z ∗ (d1 ) in (4). The state space St describes the
maximal processing time of the on-time jobs amongst jobs Jt , . . . , JT , hence St = [0, . . . , dt ]. We define the
boundary state space ST +1 to be ST . The action space At describes the processing time of job Jt . Clearly in
an optimal solution At ⊆ [0, . . . , dt ]. We note that At (It ) = [0, . . . , It ]. Clearly Condition 1 holds, and since
ρt are computable in polynomial time we get that Condition 2 is satisfied as well. We conclude by noting
that it is straightforward to check that Condition 3(iii) holds as well.
A.2.2

Batch disposal

Consider managing a warehouse where a single truck of capacity Q is available to dispatch the goods. The
goods are received randomly based on distribution Dt in time period t. Dt is given as explained in Section 3.
The question is whether we dispatch the truck and if yes, what is its load. If we use the truck, a fixed
cost of Kt is incurred in addition to the per-unit cost of ct . The goods that remain in the warehouse incur
the per-unit holding cost ht . This problem is studied in [Pow07] and [PP03]. No approximation is known
for this problem, nor a complexity result. In this part we provide an FPTAS for this problem and show in
Section C.2.1 in the Appendix that this problem is #P-hard. Let It be the number of assets at time period
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t. Recall that the maximum disposal quantity is Q. Our objective is:
(
)
T
X
min ED hT +1 (IT +1 ) +
(ct xt + Kt δxt >0 + ht (It + Dt − xt )) ,
x1 ,...,xT

(29)

t=1

subject to the system dynamics It+1 = It + Dt − xt , t = 1, . . . , T , where xt is the truck load in time period
t. Denote by zt (It ) the total optimal cost starting at time period t with inventory It until time period T . A
formulation of this problem as a dynamic program is:
zt (It ) :=

min

xt =0,...,min{Q,It }

ED {ct xt + Kt δxt >0 + ht (It + Dt − xt ) + zt+1 (It + Dt − xt )}

for It = 0, . . . , D∗ and t = 1, . . . , T . The boundary conditions are zT +1 (It ) := hT +1 (IT +1 ), It ≥ 0. The
optimal solution value is z1 (0).
We show next that Problem (29) is a nondecreasing DP that fits into our framework. We define gT +1 =
hT +1 , gt (It , xt , Dt ) = ct xt + Kt δxt >0 + ht (It + Dt − xt ), and ft (It , xt , Dt ) = (It + Dt − xt )+ . (If the truck load
in time period t exceeds the inventory at the end of that time period, then the inventory at the beginning
of the next time period is 0.) The problem is to find z ∗ (0) in (4). The state space St describes the number
of assets in the beginning of time period t. In an optimal solution it suffices to consider St = [0, . . . , D∗ ] for
t = 1, . . . , T + 1. The action space At describes the number of assets to be disposed of at time period t.
Clearly, At (It ) = [0, . . . , Q]. Directly from the definitions of Dt , St , At and gt we get that Conditions 1 and
2 hold. Considering Condition 3(ii), we note that gT +1 is increasing, gt and ft are increasing in their first
variable, and ft is decreasing in its second variable. Although gt (It , xt , Dt ) is not monotone in its second
variable, it is the sum of ct xt + Kt δ(xt ) and ht (It + Dt − xt ), where the first function is increasing in xt and
the second one is decreasing in xt , so Condition 3(ii) holds.
We note that our FPTAS trivially extends to the non-linear case where the disposal costs and holding
costs are nondecreasing functions.
A.2.3

The single-item stochastic inventory control problem

The single-item inventory control problem is one of the most widely studied problems in inventory theory and
has more than 50 years long history. It has received considerable attention due to its practical implications
and analytical results. Maybe the most well-known result in this area is the Wagner Whitin model [WW58].
We refer the reader to books devoted exclusively to inventory theory and logistics for an in depth coverage
of the topic (see for example [SCB05, Por02, Zip00]).
The complexity of the deterministic single-item inventory control problem is well understood. In the
classical paper of [FLR80], the authors give complexity results for various variants of the deterministic
problem. As for algorithmic results, the problem draws attention until nowadays. The first FPTAS to any
of the NP-hard variants of this problem was given only in 2001 by Van Hoesel and Wagelmans [VW01]. It is
in the very recent paper of Chubanov, Kovalyov and Pesch [CKP06] that the last NP-hard variant described
in [WW58] was given an FPTAS.
Recently there is a growing interest in approximation algorithms for stochastic inventory control problems
[LPRS05, LTRS05, LRS05]. However, none of these algorithms is an FPTAS. In a previous work of ours
[HKM+ 06], we give the first FPTAS for several variants of the stochastic single-item inventory control
problem. We also show there that the stochastic versions of any of the 3 polynomially solvable variants
presented in [FLR80] are #P-hard. While the FPTASs given in [HKM+ 06] are all ad-hoc algorithms tailored
to the specific model studied, we show in this section how to formulate these problems into our framework
as Convex DP, and therefore the presented FPTAS applies.
We next describe the stochastic inventory control problem. Let T be the length of the planning horizon.
At the beginning of a time period, we first observe the inventory level, and next a replenishment decision
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is made. If we place an order, it arrives immediately, i.e., we assume there is no lead time. If we allow
backlogging, the inventory level can be negative. In this case its absolute value corresponds to the number of
units on backlog. If the inventory level is positive, then a holding cost is charged; otherwise, a backlogging
cost is occurred. For ease of discussion, we call both of these components the holding cost. The holding cost
is accounted for at the end of the time period. Our objective is:
( T
)
X
(ct (xt ) + ht (It + xt − Dt )) ,
(30)
min ED
x1 ,...,xT

t=1

subject to the system dynamics It+1 = It + xt − Dt , t = 1, . . . , T , where xt is the procurement quantity
in time period t, It is the inventory level at the beginning of time period t, ct (xt ) is the procurement cost
in time period t, given an order of size xt , and ht (y) is the holding cost in time period t, given that the
inventory level at the end of time period t is y. We define I1 to be 0, or in other words, we start with no
inventory. We assume the procurement and holding costs are convex for all time period.
The input data for the problem consists of the number of time periods T , and for each time period
t = 1, . . . , T an oracle that computes functions ct , ht , and a discrete random variable Dt describing the
demand in time period t. Dt is given as explained in Section 3. All demand, procurement and inventory
levels are integral. Moreover, the demand and procurement levels are nonnegative. For every t = 1, . . . , T , the
procurement cost function ct and the holding cost function ht are each functions whose values are nonnegative
rational numbers, and the binary size of any of their values is polynomially bounded by the (binary) input
size.
We next formulate the problem as a convex DP. Clearly, in an optimal solution it suffices to consider
procurements xt restricted to take values between 0 and D∗ where D∗ is the total demand over the entire
time horizon. Note that log D∗ is polynomially bounded by the input size. We define St := [−D∗ , . . . , D∗ ],
At := [0, . . . , D∗ ] and At (It ) := [0, . . . , min{D∗ − It , D∗ }] for all It and t = 1, . . . , T . We define the system
dynamic function to be ft (It , xt , Dt ) := It + xt − Dt , t = 1, . . . , T, and the single-period cost functions to
be gT +1 (IT +1 ) := 0 and gt (It , xt , Dt ) := ct (xt ) + ht (It + xt − Dt ), t = 1, . . . , T .
It remains to show that Conditions 1, 2 and 3(i) are satisfied. Let us fix the time period t. Clearly,
Dt , St , At ∈ Z. The cardinality of Dt is at most linear in the input size since dt,1 , . . . , dt,nt are given explicitly.
Following our definitions of St and of At (I), their cardinalities are bounded by 2D∗ for every I, and their
kth largest element is found in constant time, for every k. Therefore Condition 1 is satisfied. The properties
of the procurement cost function ct and holding cost function ht assure that Condition 2 is satisfied as well.
As for Condition 3(i), the definitions of gt and ft directly imply that this condition is fulfilled as well.
It is easy to see that also the capacitated, discounted, and disposal at a cost versions of the problems can
be formulated as convex DPs in a similar way.

A.3

Economics and mathematical finance

In this section we consider a few applications in economics and mathematical finance.
A.3.1

Lifetime Consumption Strategy with Risk Exposure

The following problem is studied in [Phe62]. There is a single consumer who must manage her capital in
discrete time periods. She can spend some amount of capital, which is governed by the underlying utility
function. The remaining capital yields a stochastic return rate, and, in addition, she receives a fixed amount
of wealth in each time period. The problem is to find an optimal consumption strategy.
To formalize this problem, let It be the amount of capital on hand at the beginning of time period
t = 1, . . . , T . In period t the consumer selects an amount xt of capital to consume. The utility ut of
consuming xt units is a nonnegative, nondecreasing, and concave function. Unconsumed capital It − xt
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grows with respect to an exogenous stochastic process defined by random discrete variable Dt with finite
support. In addition to this stochastic growth, the consumer receives at units of capital at the end of time
period t. The consumer would like to maximize the expected total utility in periods 1, . . . , T by making
consumption decisions x1 , . . . , xt .
This is a maximization problem with cost function
gt (It , xt , dt ) = ut (xt ),
and transition function
ft (It , xt , dt ) = dt (It − xt ) + at .

P
t
For an initial capital I1 it suffices to set the state space St to be {0, . . . ., Dmax
(I1 + ti=1 ai )}, where
Dmax = maxt {dt,nt } is the maximal value the random variable Dt can get throughout the time horizon. The
action space is At (It ) = {xt | 0 ≤ xt ≤ It }. Clearly, the problem satisfies Conditions 1, 2 and 4(ii), and
therefore the presented FPTAS applies.
We prove in Section C.2.2 in the Appendix that this problem is #P-hard. To the best of our knowledge
no FPTAS is known for this problem.
A.3.2

Deterministic and stochastic growth models

Growth models have drawn substantial interest in the past due to their importance in understanding economic
growth, see, for example, Chapter 5 in [AC03] for a recent treatment of growth models.
The standard growth model considers a single consumer with capital It on hand at the beginning of time
period t = 1, . . . , T , which can attain only a finite number of values. In time period t the capital grows
based on a nondecreasing, nonnegative, and strictly concave production function pt , and there is a rate of
return 1 − δ for initial capital It (0 < δ < 1). The consumer has a utility function ut , which is nonnegative,
nondecreasing, and concave. The goal is to find optimal capital consumptions in order to maximize total
utility. Deterministic and stochastic versions of the problem have been studied. In the stochastic version
the production in time t is subject to a random production shock Dt which is a discrete random variable
with finite support. In many cases this production shock depends on the previous shock realization, which
requires modeling with two state variables. In this subsection we deal with the special case where Dt is
independent of the previous realization. In section 10.3 we deal with the general case.
The action corresponds to the amount of capital xt to consume. We have
gt (It , xt , dt ) = ut (xt ) ,
ft (It , xt , dt ) = dt pt (It ) + (1 − δ)It − xt .
With pt (It ) strictly concave, there exist a maximal level of capital achievable by this economy given by I¯t
where I¯t = maxI {dt,nt pt (I) + (1 − δ)I > I}. (Recall that dt,nt is the maximal value Dt can have with positive
probability.) Hence, in an optimal policy it suffices to consider state space St = {0, . . . , I¯t }. Since we cannot
consume more than we have (borrowing is not considered), the action space is At (It ) = {xt | 0 ≤ xt ≤
(1 − δ)It + dt,1 pt (It )}. (Recall that dt,1 is the minimal value Dt can have with positive probability.) It is easy
to see that Conditions 1, 2, and 4(ii) are satisfied, and therefore the problem exhibits an FPTAS.
We prove in Section C.2.3 in the Appendix that this problem is #P-hard. To the best of our knowledge
no FPTAS is known even for the deterministic case.

A.4

Cash management

Consider the following cash management problem based on a problem stated in Dreyfus and Law (pp. 154155 in [DL77]). A mutual fund would like to decide how much cash to have in its bank account for each of
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the next T time periods. At the beginning of period t, the cash balance can be increased by selling stocks (at
a cost of st per dollar value of the stocks), can be decreased by buying stocks (at a cost of bt per dollar value
of the stocks), or can be left constant. Assume that the amount of time required to implement the decision
is negligible. During the period (after the decision has been implemented) the mutual fund receives demands
for cash from customers redeeming their mutual fund shares and cash inflows from the sale of shares. Let Dt
be a discrete integer random variable describing the amount of cash withdrawals due to customers during
period t. Dt is given as described in Section 3. Note that Dt may be positive or negative, where the later
case means that there are deposits in the mutual fund. If during a period the cash balance falls below zero,
then the bank will automatically lend the fund the additional amount. However, the fund must pay the bank
an interest charge of kt per dollar per period (based on the cash balance at the end of period t). Conversely,
if the fund has a positive cash balance at the end of period t, then it incurs a cost of lt per dollar per period
due to the fact that the fund’s money could have been invested elsewhere. The cash balance at the beginning
0
of period 1 is I1 . We assume that there is a constant rational discount factor 0 < α = αq ≤ 1, α0 , q ∈ N
and there are no terminal costs. Let D∗ be the maximal aggregated positive change throughout the time
horizon multiplied by q T , and let D∗ be the minimal aggregated negative change throughout the time horizon
multiplied by q T . We assume w.l.o.g. that D∗ > |D∗ |. By using α0 as the discount factor instead of α we get
that the cash balance in any period must be an integer between −D∗ and D∗ . We would like to determine
the cash balance in each period so as to minimize the expected total discounted cost for operating the fund.
The first works on the mutual fund cash management problem are of Whisler [Whi67] and Eppen and
Fama [EF69], are dated back in the Sixties, and seem to be done concurrently and independently (the problem
in the former paper was called as an inventory model for rented equipment problem). Both works characterize
the structure of the optimal policy for either the finite or infinite time periods cases Surprisingly, it seems
that these works have been forgotten later on, since they are not cited in any of the newer results which we
survey next. Yan [Yan06] develops a simplified static model for the problem and only deals with qualitative
aspects. Hinderer and Waldmann [HW01] propose a dynamic programming model for the infinite planning
horizon and prove several structural properties associated with the corresponding optimal policy. They also
consider in short the finite time-horizon and several scenarios of non-independent random variables Dt . In
order to compute the optimal value functions, they propose a value iteration algorithm that exploits their
structural properties. None of these papers deals with either the computational or hardness issues of this
problem. There are also papers on the related problem of corporate cash holdings [KMS98, ACW04, FW06],
all of which are concerned with qualitative analysis. [ACW04] also analyze cash flow sensitivity.
A pseudo-polynomial-time dynamic program is given as follows (see [DL77], pp. 272). Let zt (It ) be the
minimum expected total discounted cost for periods t through T , given that there is a cash balance of It at
the beginning of period t. The recurrence relation is


P t
miny>It {stP
(y − It ) + Lt (y) + α0 nk=1
zt+1 (y − dt,k )pt,k }
t

zt+1 (y − dt,k )pt,k
(31)
zt (It ) = min ED  Lt (It ) + α nk=1
Pnt
0
miny<It {bt (It − y) + Lt (y) + α k=1 zt+1 (y − dt,k )pt,k }
for t = 1, . . . , T and It ∈ [min{−D∗ , I1 }, . . . , max{D∗ , I1 }], where
X
X
ED Lt (y) =
lt (y − dt,i )pt,i +
dt,i ∈Dt | dt,i ≤y

kt (dt,i − y)pt,i

(32)

dt,i ∈Dt | dt,i >y

for y ∈ [min{−D∗ , I1 }, . . . , max{D∗ , I1 }]. The boundary condition is zT +1 (IT +1 ) = 0 for any integer IT +1 .
The optimal solution value is z1q(IT1 ) .
We prove in Section C.2.4 in the Appendix that this problem is #P-hard. To the best of our knowledge no
FPTAS is known for this problem, even for the special case of static costs (i.e., si = sj , bi = bj , ki = kj , li = lj ,
for every i, j), stated in [DL77].
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An alternative formulation for this problem is as follows. Let ct : Z→Q be the per dollar transaction
cost. For every x ∈ Z+ the per dollar value buying stocks cost at time t is ct (x) = bt x, and for every x ∈ Z−
the per dollar value selling stocks cost at time t is ct (x) = −st x. Note that ct is a V-shape nonnegative
convex function. Let ht : Z→Q be the per dollar holding cost. For every x ∈ Z+ the per dollar value cost
for having positive cash balance at the end of period t is ht (x) = lt x, and for every x ∈ Z− the per dollar
value interest rate paid for negative cash balance at the end of period t is ht (x) = −kt x. Note that also ht
is a V-shape nonnegative convex function. Using this new notation we can substitute (31) and (32) with
zt (It ) :=

min

xt =It +min{−D∗ ,I1 },...,It +max{D∗ ,I1 }

©
ª
ED (α0 )T −t (ct (xt ) + ht (It − xt − Dt )) + zt+1 (It − xt − Dt )

(33)
for t = 1, . . . , T and It ∈ [min{−D∗ , I1 }, . . . , max{D∗ , I1 }], where the boundary condition is zT +1 (IT +1 ) = 0
for every integer IT +1 .
We next show that problem (33) is a convex DP that fits in our framework. We define gT +1 ≡ 0,
gt (It , xt , Dt ) := (α0 )T −t (ct (xt ) + ht (It − xt − Dt )) and ft (It , xt , Dt ) := It − xt − Dt . The problem is to find
z ∗ (I1 ) in (4). The state space St describes the cash balance in the fund at period t, hence in an optimal
solution St = [min{−D∗ , I1 }, . . . , max{D∗ , I1 }], for t = 1, . . . , T + 1. The action space At describes the value
of transactions in period t, where negative values mean selling stocks. Clearly, in an optimal solution At ⊆
[min{I1 −D∗ , −D∗ }, . . . , max{I1 +D∗ , D∗ }]. We note that At (It ) = [It +min{−D∗ , I1 }, . . . , It +max{D∗ , I1 }]
for t = 1, . . . , T .
Since D∗ is a sum of at most T numbers from the input, Condition 1 holds. Clearly Condition 2 is
satisfied as well. We conclude by noting that since ct and ht are convex functions Condition 3(i) holds as
well.

B

Proofs for Section 6

Proposition 6.1 (Calculus of K-approximation Sets of unimodal functions) Let K1 , K2 ≥ 1, let ϕ1 , ϕ2 :
D→R+ be unimodal functions over a finite domain D of real numbers. Let Wi be a Ki -approximation set
of ϕi , for i = 1, 2. Let ψ : R+ →R+ be a (strictly) monotone function, and let α, β ∈ R+ . The following
properties hold:
1. (monotonicity of approximation sets) every superset W1 ⊂ W 0 ⊂ D is a K1 -approximation set of ϕ1 ,
2. (composition of approximation sets) ψ −1 (W1 ) = {i | ψ(i) ∈ W1 } is a K1 -approximation set of ϕ1 (ψ),
3. (linearity of approximation sets) W1 is a K1 -approximation set of α + βϕ1 .
4. (maximization of approximation sets) W1 ∪ W2 is a max{K1 , K2 }-approximation set of max{ϕ1 , ϕ2 }.
Proof. Properties 2 and 3 follow directly from the definitions of K-approximation sets and functions. We
give here a proof for monotonicity of approximation sets and for maximization of approximation sets.
We first prove monotonicity of approximation sets. Since W 0 ⊃ W1 , we have Dmin , Dmax ∈ W 0
and the first property of K-approximation sets is satisfied. As for boundness, suppose that x ∈ W 0
and x 6= Dmax and next(x, W 0 ) 6= next(x, D). We need to prove that max{ϕ(x), ϕ(next(x, W 0 ))} ≤
K min{ϕ(x), ϕ(next(x, W 0 ))}. If x, next(x, W 0 ) ∈ W1 (i.e., next(x, W1 ) = next(x, W 0 )) then this indeed
holds due to the boundness of W1 . Suppose now without loss of generality that x ∈
/ W1 . We have
max{ϕ(x), ϕ(next(x, W 0 ))} ≤ max{ϕ(prev(x, W1 )), ϕ(next(x, W1 ))} ≤ Kϕ(x),
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where the first inequality is due to unimodality of ϕ and the second inequality is due to locality of W1 . If
also next(x, W 0 ) ∈
/ W1 , then we similarly get
max{ϕ(x), ϕ(next(x, W 0 ))} ≤ max{ϕ(prev(x, W1 )), ϕ(next(x, W1 ))} ≤ Kϕ(next(x, W 0 )),

(34)

and the boundness of W 0 follows. If, on the other hand, next(x, W 0 ) ∈ W1 then (34) still holds because the
second inequality is now due to boundness of W1 , and again the boundness of W 0 follows. It remains to show
locality of W 0 . Let x ∈ D \ W 0 . We have
max{ϕ(prev(x, W 0 )), ϕ(next(x, W 0 ))} ≤ max{ϕ(prev(x, W1 )), ϕ(next(x, W1 ))} ≤ Kϕ(x),
where the first inequality is due to unimodality of ϕ and the second one is due to the locality of W1 . This
proves monotonicity of approximation sets.
We next prove maximization of approximation sets. Let ϕmax (x) = maxi=1,2 ϕi (x), ∀x, and W12 =
W1 ∪ W2 . We first note that unimodality is closed under maximization, so ϕmax is a unimodal function,
and a K-approximation set for it is well defined. Clearly, Dmin , Dmax ∈ W12 and the first property of Kapproximation sets is satisfied. We next prove boundness of ϕmax . Due to monotonicity of approximation
sets, W12 is a Ki -approximation set for ϕi , i = 1, 2. Let x ∈ W12 . Due to boundness of ϕ1 , ϕ2 we have
ϕj (next(x, W12 )) ≤ max{ϕj (x), ϕj (next(x, W12 ))} ≤ Kj min{ϕj (x), ϕj (next(x, W12 ))} ≤ Kj ϕj (x),

j = 1, 2.
(35)
If there exists j ∈ {1, 2} such that ϕmax (x) = ϕj (x) and ϕmax (next(x, W12 )) = ϕj (next(x, W12 )) then
boundness of ϕmax follows directly from the one of ϕj . Otherwise, suppose without loss of generality
that ϕmax (x) = ϕ1 (x), ϕmax (next(x, W12 )) = ϕ2 (next(x, W12 )) and max{ϕmax (x), ϕmax (next(x, W12 ))} =
ϕmax (next(x, W12 )). Then, due to (35) we have
max{ϕmax (x), ϕmax (next(x, W12 ))} = ϕmax (next(x, W12 )) = ϕ2 (next(x, W12 )) ≤ K2 ϕ2 (x) ≤
≤ K2 ϕmax (x) = K2 min{ϕmax (x), ϕmax (next(x, W12 ))},

and the boundness of ϕmax follows.
It remains to prove the locality of ϕmax . Let x ∈
/ W12 . If there exists j ∈ {1, 2} such that ϕmax (prev(x, W12 )) =
ϕj (prev(x, W12 )) and ϕmax (next(x, W12 )) = ϕj (next(x, W12 )), then the locality of ϕmax follows directly from
the one of ϕj . Otherwise, suppose without loss of generality ϕmax (prev(x, W12 )) = ϕ1 (prev(x, W12 )), ϕmax (next(x, W12 ))
ϕ2 (next(x, W12 )) and max{ϕmax (prev(x, W12 )), ϕmax (next(x, W12 ))} = ϕmax (next(x, W12 )). Then, the locality of ϕ1 , ϕ2 implies
max{ϕmax (prev(x, W12 )), ϕmax (next(x, W12 ))} = max{ϕ1 (prev(x, W12 )), ϕ2 (next(x, W12 ))} ≤
≤ max{(max{ϕ1 (prev(x, W12 )), ϕ1 (next(x, W12 ))}), (max{ϕ2 (prev(x, W12 )), ϕ2 (next(x, W12 ))})} ≤
≤ max{K1 ϕ1 (x), K2 ϕ2 (x)} ≤ max{K1 , K2 }ϕmax (x),
as needed.
Proposition 6.2 (Calculus of K-approximation Sets of monotone functions) Let K1 , K2 > 1, and let
ϕ1 , ϕ2 , ϕ3 : D→R+ be monotone functions of the same kind (i.e., either all are nondecreasing or all are
nonincreasing) over a finite domain D of real numbers. Let Wi be a Ki -approximation set of ϕi , for i = 1, 2.
The following properties hold:
1. (summation of approximation sets) W1 ∪ W2 is a max{K1 , K2 }-approximation set of ϕ1 + ϕ2 ,
2. (minimization of approximation sets) W1 ∪ W2 is a max{K1 , K2 }-approximation set of min{ϕ1 , ϕ2 },
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3. (approximation of approximation sets) If ϕ1 is a K2 -approximation of the restriction of ϕ2 over W1 ,
then ϕ̂1 (i.e., the approximation of ϕ1 induced by W1 ) is a K1 K2 -approximation of ϕ2 .
Proof. Let W12 = W1 ∪W2 . Without loss of generality we assume that ϕ1 , ϕ2 are both nondecreasing. We
first prove summation of approximation sets. Let ϕP (x) = ϕ1 (x) + ϕ2 (x), ∀x. We first note that ϕP is also
nondecreasing, so a K-approximation set for it is well defined. Since W12 ⊃ W , we have Dmin , Dmax ∈ W12
so the first property of K-approximation sets is satisfied. As for boundness, let x ∈ W12 . By monotonicity
of approximation sets W12 is a Ki -approximation set of ϕi , i = 1, 2. Since ϕP is nondecreasing we get
P
max{ϕP (x), ϕP (next(x, W12 ))} = ϕP (next(x, W12 )) =
≤
j=1,2 ϕj (next(x, W12 ))
P
P
≤
≤ max{K1 , K2 }ϕ (x)
=
j=1,2 Kj ϕj (x)
= max{K1 , K2 } min{ϕP (x), ϕP (next(x, W12 ))},
where the first inequality is due to (35). Therefore, boundness of ϕmax over W12 holds. Locality is satisfied
by observing that the monotonicity of ϕP implies that arg min ϕP ∈ {Dmin , Dmax } ⊆ W12 and applying
Proposition 4.3.
We next prove minimization of approximation sets. Let ϕmin (x) = min{ϕ1 (x), ϕ2 (x)}, ∀x. We first note
that ϕmin is also nondecreasing, so a K-approximation set for it is well defined. Since W12 ⊃ W , we have
Dmin , Dmax ∈ W12 and the first property of K-approximation sets is satisfied. As for boundness, let x ∈ W12 .
By monotonicity of approximation sets W12 is a Ki -approximation set of ϕi , i = 1, 2. We have
max{ϕmin (x), ϕmin (next(x, W12 ))} = ϕmin (next(x, W12 ))
= minj=1,2 ϕj (next(x, W12 )) ≤
≤ minj=1,2 Kj ϕj (x)
≤ max{K1 , K2 } minj=1,2 ϕj (x) =
= max{K1 , K2 }ϕmin (x) = max{K1 , K2 } min{ϕmin (x), ϕmin (next(x, W12 ))},
where the first inequality is due to (35). Therefore, boundness of ϕmin over W12 holds. We prove locality of
ϕmin over W12 similarly to the way we proved it for summation of approximation sets.
We last prove approximation of approximation sets. The fact that ϕ1 is a K2 -approximation of the
restriction of ϕ2 over W1 is equivalent to
ϕ2 (z) ≤ ϕ1 (z) ≤ K2 ϕ2 (z),

∀z ∈ W1 .

(36)

We have
ϕ̂1 (z) = ϕ1 (next(z, W1 )) ≥ ϕ2 (next(z, W1 )) ≥ ϕ2 (z),

∀z ∈ D \ W1 ,

(37)

where the equality is due to the definition of the approximation induced by an approximation set, (??)
implies the first inequality, and the second inequality is true because ϕ is nondecreasing. We also have
ϕ̂1 (z) = ϕ1 (next(z, W1 )) ≤ K1 ϕ1 (prev(z, W1 )) ≤ K1 K2 ϕ2 (prev(z, W1 )) ≤ K1 K2 ϕ2 (z),

∀z ∈ D \ W1 , (38)

where the first inequality is due to locality of approximation sets, (??) implies the second inequality, and the
last one is due to the monotonicity of ϕ2 . We conclude from (36)-(38) that ϕ̂1 is a K1 K2 -approximation of
ϕ2 over D.
Proposition 6.3 (Calculus of K-approximation Sets of convex functions) Let K1 , K2 > 1, let ϕ1 , ϕ2 : D→Z+
be convex over a finite domain D of real numbers. Let Wi be a Ki -approximation set of ϕi , for i = 1, 2.
Then:
1. (summation of approximation sets) W1 ∪ W2 is a max{K1 , K2 }-approximation set of ϕ1 + ϕ2 .
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Proof. Let W12 = W1 ∪ W2 and let ϕP (x) = ϕ1 (x) + ϕ2 (x), ∀x. Since the sum of two convex functions
is a convex function, we get that ϕP is a convex function, so a K-approximation set for it is well defined.
We prove the first two properties similarly to the way we proved them for summation of approximation for
monotone functions.
As for the locality of K-approximation sets, let x ∈
/ W12 . We have
max{ϕP (prev(x, W12 )), ϕP (next(x, W12 ))} =
= max{ϕ1 (prev(x, W12 )) + ϕ2 (prev(x, W12 )), ϕ1 (next(x, W12 )) + ϕ2 (next(x, W12 ))} ≤
≤ max{ϕ
1 (prev(x, W12 )), ϕ1 (next(x, W12 ))} + max{ϕ2 (prev(x, W12 )), ϕ2 (next(x, W12 ))} ≤
P
≤ j=1,2 Kj ϕj (x) ≤ max{K1 , K2 }ϕP (x),
where the second inequality is due to the locality applied on each of ϕ1 , ϕ2 over W12 .

C
C.1

Hardness results
Proofs of results in Section 8

Theorem 8.2. A convex DP where either b ∈
/ {−1, 0, 1}, or the action space is not a contiguous interval,
does not admit an FPTAS unless P=NP.
The proof makes a transformation from the partition problem (Problem SP12 in [GJ79]).
Partition
Instance: Finite set V of nonnegative integer numbers.
P
P
Question: Is there a subset V 0 ⊆ V such that v∈V 0 v = v∈V \V 0 v?
P

v

Proof. Let M = v∈V
. We prove first the case where the coefficients of the second variable of f are not
2
restricted to be -1,0 or 1. Given an instance of the partition problem where the cardinality of V is T , let us
consider the following deterministic DP (for simplicity, we slightly abuse notation by omitting the random
variable Dt from the equations): St = [−M, . . . , M ], t = 1, . . . , T + 1, At (It ) = At = {0, 1}, t = 1, . . . , T .
gt (It , xt ) = vt x, ft (It , xt ) = It − vt x, t = 1, . . . , T , and finally GT +1 (IT +1 ) = M |IT +1 |. Clearly, this program
is a convex DP except for the requirement that the coefficient of the second variable of ft is neither -1, 0, or
1.
We note that an optimal solution starting with state M, z1 (M ) as in (5), is either M , or at least 2M − 1.
Hence, we can distinguish between these cases by calculating a 1.5 approximation for z1 (M ). We conclude
the proof by noting that there exists a solution to the partition problem if and only if z1 (M ) = M .
The proof for the case where the action space is not contiguous is similar.

C.2

Proofs of results in Section A

In this section we show that hardness of several stochastic problems by making a transformation from the
Kth largest subset problem, which is known to be #P-hard (see for example problem SP20 in page 225 in
[GJ79]).
Problem: Kth largest subset
Instance: A finite set A = {a1 , . . . , an } of nonnegative integers andPpositive integer numbers K ≤ 2n and B.
Question: Are there K or more distinct subsets A0 ⊆ A for which a∈A0 ≤ B?
Remark: This problem is named the “Kth largest subset problem”, but it actually looks for the Kth
smallest subset of A.
44

C.2.1

Batch disposal

Theorem C.1. The stochastic batch disposal problem is #P-hard even in the case of linear procurement and
holding costs.
Proof. Given an instance of the Kth largest subset problem,
Pwe transform it into the following instance
of the stochastic batch disposal problem. Let M = 2n max{2n , a∈A a}. We have
• T = n + 3 time periods, labeled 1, . . . , n.
P
• Maximum disposal quantity is Q = a∈A a.
P
• Demand in time period 1 is a∈A a with probability 1. The demand in time period t = n + 2, n + 3 is
½
0
with probability 12
0 with probability 1. The demand in time period n + 1 ≥ t > 1 is
at−1 with probability 12 .
• Fixed disposal cost Kt is 0 for all time periods.
 n
(2 − K)x for t = 1;



Mx
for t = 2, . . . , n + 1;
• Variable disposal cost in time period t is ct (x) =
n
for t = n + 2;
 2 x


0
for t = n + 3.
½
0
for t = 1, . . . , n + 3;
• Holding cost in time period t is ht (x) =
M x for t = n + 4;
Since ct (x) is much larger than each c1 (x), cn+2 (x) and cn+3P
, for t = 2, . . . , n + 1, it is clear that the optimal
3, order some number
policy is to order nothing in time periods 2, . . . , n + 1, order a∈A a in time period n +P
S in time period n + 3 and order the difference between the realized demand and S + a∈A a in time period
n + 2 (note that since the demand in time periods n + 2 and n + 3 is 0, the realized demand is known already
at the end of time period n + 1). Let D be the realized demand in periods 2, .P
. . , n + 1. If S is larger than
D, then the inventory at hand in the end of time period n + 1 does not exceed a∈A a. In this case the cost
is (2n − K)S, due to batch disposal cost in time period 1, and free disposal in time period n + 3. If S is
smaller than the realized demand D, then D − S units will be disposed in time period n + 2. In this case
the cost is (2n − K)S + 2n (D − S), due to the disposal cost in time periods 1, n + 2 and n + 3.
This reduces to the newsvendor problem, where the unit cost of ordering one item too many is m = 2n −K,
and the cost of ordering one item too few is l = 2n − (2n − K) = K. Therefore, the optimal decision is
l
to produce the minimum amount S such that Prob(D ≤ S) ≥ m+l
= 2Kn , where D is a random variable
describing the demand (see, e.g., [SCB05], Section 8.2.1). Note that in our case we have
P
number of subsets I ⊆ {1, . . . , n} such that
i∈I ai ≤ S
.
Prob(D ≤ S) =
n
2
Therefore, S equals to the sum of the Kth smallest subset. We conclude the proof by noting that the answer
for the given instance of the Kth largest subset problem is affirmative if and only if S ≤ B.

C.2.2

Lifetime consumption strategy with risk exposure

Theorem C.2. The lifetime consumption strategy with risk exposure problem is #P-hard.
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Proof. We transform the Kth largest subset problem into our problem. Given an arbitrary instance of
1
1
the Kth largest subset
j + 2j (j = 1, . . . , n) and B̄ = B + 1 − 2n . Clearly, for
P problem, we define āj = aP
any U ⊆ {1, . . . , n}, j∈U aj ≤ B if and only if j∈U āj ≤ B̄. Thus, the Kth largest subset problem is
equivalent P
to the problem of determining whether there exist at least K distinct subsets A0 ⊆ {ā1 , . . . , ān }
such that ā∈A0 ā ≤ B̄. Let āmax = max{ā1 , . . . , ān } and M = 22n+1 ā2max . It is easy to check that for any
U ⊆ {1, . . . , n},
P
P
Y³
āj ´
2n ā2max
j∈U āj
j∈U āj
1+
≤
1+
≤1+
+
,
M
M
M
M2
j∈U

which implies that

P
1+

j∈U

āj

M

Y³
āj ´
≤
1+
≤1+
M
j∈U

P
j∈U

āj

M

+

1
.
2n+1 M

P
Q
ā
B̄
1
Let B̂ = 1 + M
+ 2n+1
. Hence, for any U ⊆ {1, . . . , n}, j∈U āj ≤ B̄ if and only if j∈U (1 + Mj ) ≤ B̂ (note
M
Q
P
P
ā
1
that if j∈U (1 + Mj ) ≤ B̂, then j∈U āj ≤ B̄ + 2n+1
, which implies that j∈U āj ≤ B̄, because B̄, ā1 , . . . , ān
P
Q
ā
1
are all multiples of 2n ). Hence, for any U ⊆ {1, . . . , n}, j∈U aj ≤ B if and only if j∈U (1 + Mj ) ≤ B̂.
We now construct the following instance of our problem:
• Number of time periods, T = n + 1.
• Initial capital on hand, I1 = M .
• Capital received by the consumer at the end


xt ,
• Utility function ut (xt ) = 0,

© n
ª

min 2K xt , M ,
• Prob(Dt = 1) = Prob(Dt = 1 +

āt
M)

=

1
2

of period t, at = 0 for t = 1, . . . , T .
if t = 1;
if t = 2, . . . , T − 1;
if t = T .

for t = 1, . . . , T − 1.

Obviously, this construction can be done in polynomial time. Let (H − 1) × 100% denote the total percentage
growth of capital between period 1 and period T . Since the utility is zero in periods 2, . . . , T − 1, the optimal
decision is to make consumption in periods ©1 and
T only, with xT = IT .ª The decisionQis to¡ select ¢a
¯
āt
āt
.
; 1 ≤ t ≤ T − 1 . Hence, H = t∈S 1 + M
consumption amount x1 in period 1. Let S = t ¯ Dt = 1 + M
Note that
³
´n
H ≤ 1 + 41n
·
¸n
1
≤ 1 + (n+1)2n
¡n¢
¡n¢
¡n¢
n
1
1
1
= 1 + (n+1)2
n + 2 · (n+1)2 22n + 3 · (n+1)3 23n + · · · + n · (n+1)n 2n·n
·
¸
¡n¢ ¡n¢
¡n¢
1
n
≤ 1 + (n+1)2
n +
2 + 3 + · · · + n (n+1)2 22n
≤1+
≤1+
=1+

n
(n+1)2n
n
(n+1)2n
1
2n .

+
+

2n
(n+1)2 22n
1
(n+1)2n

Therefore,
1≤H ≤1+

1
.
2n

(39)

If x1 is less than I1 − M
H , then IT = (I1 − x1 )H > M and the utility in period T is M , regardless of how
much x1 is below I1 − M
.
H Thus, the unit cost of setting x1 too low is 1 (i.e., the utility of consuming one
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n

2
unit in period 1). If x1 is greater than I1 − M
Thus, the unit
H , then the utility in period Tn is K (I1 − x1 )H. n
2n
2 −K
cost of setting x1 too high is K H − 1. By (39), this unit cost is at least K and at most 2 −K+1
.
K
2n −K
Consider the scenario in which the unit cost of setting x1 too high is K . This scenario reduces to a
newsvendor problem, where the optimal decision is to select the smallest value of x1 , denoted as x01 , such
that
µ
¶
M
1
K
Prob H ≤
=
= n,
2n −K
I1 − x01
2
1+ K

where
µ
Prob H ≤

M
I1 − x01

¶
=

number of subsets U ⊆ {1, . . . , n} such that

Q

t∈U (1

+

āt
M)

≤

M
I1 −x01

2n

.

n

consider
scenario in which the unit cost of setting x1 too high is 2 −K+1
. Note that
K
¡ Next,
¢ the
2n −K+1
K−1
K
K
1/ 1 +
(i.e.,
the
critical
fractile
is
in
between
and
),
and
that
<
n
n
n
K
2
2
2
µ
Prob H ≤

M
I1 − x1

¶
=

number of subsets U ⊆ {1, . . . , n} such that
2n

Q

t∈U (1

+

āt
M)

≤

M
I1 −x1

K−1
2n

<

,

which is a multiple of 21n . Hence, this scenario again reduces to a newsvendor problem, where the optimal
decision is to select the smallest value of x1 , denoted as x001 , such that
µ
¶
M
K
Prob H ≤
= n.
00
I1 − x1
2
The above analysis of the two scenarios implies that x01 = x001 . Thus, in the constructed problem,
the
is to select the smallest x1 such that there are K subsets U ⊆ {1, . . . , n} satisfying
Q optimalāt decision
M
∗
(1
+
)
≤
t∈U
M
I1 −x1 . This is equivalent to selecting the smallest x1 , denoted as x1 , such that there are K
subsets U ⊆ {1, . . . , n} satisfying
X

at ≤

t∈U

1
1
M2
− M − n+1 + n − 1.
I1 − x1
2
2

(40)

P
2
1
1
Since x∗1 is the smallest x1 satisfying condition (40), we have t∈U at = I1M
−x∗1 − M − 2n+1 + 2n − 1. Therefore, if we solve the constructed problem instance optimally, then we can determine
P the answer to the Kth
largest subset problem as follows: There exist at least K subsets A0 ⊆ A with a∈A0 a ≤ B if and only if
1
M2
1
I1 −x∗ − M − 2n+1 + 2n − 1 ≤ B.
1

C.2.3

Stochastic growth model

Theorem C.3. The stochastic growth problem is #P-hard.
Proof. The proof is similar to the one of Theorem C.2. Let āj and M be as defined in the proof of
Theorem C.2. Given an arbitrary instance of the Kth largest subset problem, we transform it into the
following instance of our problem:
• Number of time periods, T = n + 1.
• Initial capital, I1 = M .
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• Production function, pt (It ) = It , for It ≥ 0 and t = 1, . . . , T .
• Rate of return of capital, 1 − δ = 0.


if t = 1;
xt ,
• Utility function ut (xt ) = 0,
if t = 2, . . . , T − 1;

© 2n
ª

min K xt , M , if t = T .
• Prob(Dt = 1) = Prob(Dt = 1 +

āt
M)

=

1
2

for t = 1, . . . , T − 1.

• Prob(DT = 1) = 1.
We conclude the proof by following the proof of Theorem C.2.

C.2.4

Cash management

In this section we show that the cash management problem is NP-hard. We make a transformation from the
Kth largest subset problem, which is known to be NP-hard.
Theorem C.4. The cash management problem is #P-hard.
The proof of this theorem is essentially identical to the hardness proof we give in [HKM+ 06] for the stochastic
single-item inventory control problem. The equivalence here for production cost is transaction cost.
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