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Abstract. Suppose that min (¢(S) : S € F) is an instance I of an optimization problem, where F is a
collection of subsets of J, and c is a linear cost function. Suppose that e € J. One natural question within
optimization is the following: Is there any optimal solution S" for I such that e € §'. In preprocessing, we
do not assume that ¢ is known precisely, but that each coefficient is known within an additive factor of K.
The corresponding question in preprocessing is the following: Is there a cost vector d and a solution §' €
F such that (i) e € 8, (ii) [d(¢") — c¢(¢') | £ K for each ¢' € J, and (iii) 8" is optimal for min (d(S) : S € F)?
(It is called preprocessing, because the complementary question determines whether e is no optimal
solution regardless of the choice of d, and thus can be eliminated from the problem.) In this paper, we
show that the preprocessing problem is NP-complete if the original problem is the shortest path problem
on an acyclic network, the assignment problem, the minimum cut problem, or the minimum cost arc (or
node) disjoint cycle problem. We show that the preprocessing problem is solvable in polynomial time if
the original problem is either the minimum cost spanning tree problem or the maximum weight closure
problem. We also discuss relationships between the preprocessing problem and inverse optimization.
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1. INTRODUCTION

We define preprocessing problems in terms of combinatorial optimization problems. Let P
denote a 0-1 combinatorial optimization problem, and let I denote an instance of P with F as the set of
feasible solutions and ¢ as the cost vector; that is, I = min{c(S) : S € F}, and F < {0, 1}", where ¢(S) =
Z[GS ¢, . For another cost vector d, we let I(d) = min{ d(S) : S € F }. We assume that the ground set of

the feasible solutions is J. That is, foreach S € F, S < J.

Let || || denote the sup norm or the L., norm. For example, || ¢ |l =max (|¢;|:j € J). Let || ||,
denote the L; norm. For example, || ¢ ||; = Z cj‘ .

jeJ

The Preprocessing Problem for P.
INSTANCE. An instance I of P, a element j* of J and an integer K.
QUESTION. Is there a subset S € F and a cost vector d such that
i. jes;
ii. ||d-cll»<K;and
iii. d(S)<d(S")forall S" € F?

Thus the Preprocessing Problem for P is the problem of determining whether there is an optimal solution
S for I(d) such that j* € S and such that || d — ¢ ||, < K.

Lai and Sotskov [23] and Lai, Sotskov, Sotskova, and Werner [24] proposed a variant of
preprocessing problems as a way of modeling situations in which there is an estimated cost function c at
some time T, but the real objective function d does not become known until some later time 7. All that
is known at time 7'is that || ¢ — d ||, < K for some value K. Suppose that one can solve the Preprocessing
Problem at time 7. If the answer to the preprocessing problem is no, then one can eliminate ;* from J,
and obtain a smaller optimization problem. Moreover, one can solve the Preprocessing Problem for each
variable j € J, and thus eliminate any variable that is in no optimal solution I(d) for any possible choice
of d. Attime T', when the solution time is perhaps more urgent, one can solve the real problem I(d) but
with fewer variables because of the preprocessing, and thus an improved running time.

The variant of the preprocessing problem considered by Lai and Sotskov [23] and by Lai,
Sotskov, Sotskova, and Werner [24] is the one in which the condition (ii) above is replaced by the
condition || w(d — ¢) ||. < K, where w is a vector of weights that is specified as part of the input. More
precisely, they specified that /; < d; < u; for each i € J, which is mathematically equivalent to specifying a
vector w of weights, a cost vector ¢, and a value K, and requiring that || w(d — ¢) || < K.



In this paper, we prove that the Preprocessing Problem is NP-complete for the Shortest Path
problem, even if restricted to acyclic graphs. We also show that the Preprocessing Problem is NP-
complete for the following problems: the Assignment Problem, the Minimum Cost Node Disjoint Cycle
Problem, the Minimum Cost Arc Disjoint Cycle Problem, and the Minimum Cut Problem. We show that
the Preprocessing Problem is solvable in polynomial time if F is the collection of independent sets of a
matroid (such as in the minimum cost spanning tree problem) or if F is a lattice'. An example of a lattice
is the set of closed sets in a graph.

Relation to Inverse Optimization and Partial Inverse Optimization.
The Weighted Partial Inverse Optimization for P can be described as follows;

Weighted Partial Inverse Optimization Problem for P.
INSTANCE. An instance I of P, disjoint subsets J; and J; of J and an integer K.
QUESTION. Is there a subset S € F and a cost vector d such that
. JicSJnS=;
ii. ||w(d-c¢)|i£K;and
iii.  d(S)< d(S") forall S"eF.

The Partial Inverse Optimization Problem for P is the special case of the Weighted Partial
Inverse Optimization Problem in which all weights are 1, and thus (ii) becomes || d — ¢ ||; < K. The
Weighted Minimax Partial Inverse Optimization Problem for P is the same as above, except that the L,
norm is replace by the L., norm. That is (ii) becomes || w(d — ¢) || < K. The Minimax Partial Inverse
Optimization Problem for P is the special case of the weighted problem in which all weights are 1, and
thus (ii) becomes || d — ¢ || < K.

Inverse problems are special cases of partial inverse problems in which J; U Jy =J. Equivalently,
the optimum solution is required to be J;, and J; must be optimal for I(d) for some d that is a perturbation
of ¢ satisfying the norm inequality (i1).

The Preprocessing Problem for P is a special case of the Minimax Partial Inverse Optimization
Problem for P, and thus the results in this paper establish the NP-completeness of the Minimax Partial
Inverse Optimization Problem for the following problems: the Shortest Path Problem on acyclic graphs,
the Assignment Problem, the Minimum Cost Node Disjoint Cycle Problem, the Minimum Cost Arc
Disjoint Cycle Problem, and the Minimum Cut Problem. On the other hand, the Minimax Inverse
Optimization Problem and the Inverse Optimization Problem for each of these problems is solvable in

' A lattice is a collection F of subsets of J that are closed under both union and intersection.



polynomial time, as established in the following papers: Ahuja and Orlin [4], Yang, Zhang, and Ma [31],
Zhang and Cai [32], and Zhang and Liu [33].

An additional motivation for analyzing the computational complexity of preprocessing problems
is their close relationship with partial inverse optimization problems, which in turn generalize inverse
optimization problems. In a companion paper, Orlin Error! Reference source not found. analyzes the
computational complexity of each of the four types of partial inverse optimization problems with respect
to the seven different network problems studied in this paper. Between this paper, and the paper of Orlin
Error! Reference source not found., 27 of the possible 28 problems are classified as either NP-complete
or solvable in polynomial time.

The interest in inverse optimization problems for math programming problems was generated by
the papers by Burton and Toint [9] and [10] who studied inverse shortest path problems arising in seismic
tomography used in predicting the movement of earthquakes. In recent years, Inverse Optimization has
been applied to analyzing user equilibrium in traffic analysis (see Dial [12] [13]), to the analysis of
auctions (see Beil and Wein [6]), and Data Envelopment Analysis (see Wei, Zhang, and Zhang [27]). Itis
also closely connected to conjoint analysis in marketing in which marketers estimate utility functions of
consumers by backwards inferring from product preferences (see, for example, Srinivasan [26] or Green
and Srinivasan [19]). See Heuberger [20] for a survey of inverse optimization problems as well as closely
related problems.

While inverse optimization problems have been studies widely in the past decade, the only papers
that have dealt with partial inverse optimization are the following: Lai and Orlin [22], Gentry [17],
Gentry, Saligrama, and Feron [18] and Yang [29]. Yang showed the NP-hardness of partial inverse
assignment problem and the partial inverse minimum cut problem under the additional assumption that
there are lower bounds and upper bounds on the objective d. Put into our format, he includes constraints
of the form || w(d — ¢) ||l < K, and also constraints of the form || d — ¢ ||; £ K. In addition, he permits a
subset of arcs to be required to be part of any optimal solution. As such, the NP-completeness results in
this paper for the Preprocessing Assignment Problem and the Preprocessing Minimum Cut Problem are
stronger than the results in Yang [29].

The outline of this paper is as follows. In Section 2, we state our graph theory notation, and
prove some elementary results concerning preprocessing problems. In Section 3, we establish that the
Preprocessing Shortest Path Problem is NP-complete. We also show that the following problems are NP-
complete: the Preprocessing Minimum Cut Problem, the Preprocessing Minimum Cost Arc Disjoint
Cycle Problem and the Preprocessing Minimum Cost Node Disjoint Cycle Problem. In Section 4, we
show that the Preprocessing Shortest Path Problem remains NP-complete if restricted to acyclic graphs.
We then establish the NP-completeness of the Preprocessing Assignment Problem. In Section 5, we give
a polynomial time algorithm for a generalization of the Preprocessing Problem for P where P is the
problem of finding a minimum cost basis of a matroid. This includes the Preprocessing Minimum Cost
Spanning Tree Problem as a special case. In Section 6, we give a polynomial time algorithm for a



generalization of the Preprocessing Problem for P, where P is the problem of finding a minimum cost
element of a lattice. Finally, in Section 7, we provide summary and conclusions.

2. ADDITIONAL NOTATION AND BACKGROUND
Network and Graph Terminology
In this paper, if S and T are sets, then S\T={j :j € Sand;j ¢ T}.

Let G = (N, A) be a (directed) network. Set N consists of a set of nodes. Unless stated otherwise,
the arcs in set A4 are directed. We explicitly say undirected network if the arcs in 4 have no direction.
Associated with each arc of the network are a cost ¢;; and a capacity u;.

A path is an alternating sequence of nodes and arcs P =iy, aj, i, as, ..., @1, i such that g;=
(i, i+1) or (ij+1, ;) for each j = 1 to k-1 and such that all nodes are distinct. A directed path is a path in
which all arcs of the path are oriented in the same direction, that is a; = (i;, i;+1) foreachj=1to k-1. A
network is connected if there is a path between every pair of nodes. A maximally connected subgraph of
G is called a connected component of G. An s-t path is a directed path from node s to node ¢. The cost of
a directed path P is the sum of the costs of its arcs. The minimum cost s-t path problem is to find a
minimum cost path from an origin node s to a destination node . We will also call this problem the
shortest path problem, with the understanding that there is a designated origin node for the path and
destination node for the path, and that the length of an arc is its cost.

The first node i, of a path is called its initial node. The last node i; of a path is called its terminal
node. A cycle is a path P plus the arc (iy, i) or the arc (i, i1). A directed cycle is a directed path P plus
the arc (7, i;). An undirected network is acyclic if it has no undirected cycle. A directed network is
acyclic if it has no directed cycle. The minimum cost arc disjoint cycle problem is to determine a
collection (Cy, Cy, ..., Cy) of directed cycles no two of which have an arc in common, and such that the
total cost of the cycles is minimum.” The minimum cost node disjoint cycle problem is to determine a
collection (Cy, C,, ..., Cy) of directed cycles no two of which have a node in common, and such that the
total cost of the cycles is minimum.

A network G = (N, A) is called bipartite if it is possible to partition N into two parts Ny, and N, so
that every arc (i, j)) has i € Ny andj € N, orhasi € N, andj € N;. Usually, a bipartite network will be
represented as G = (N, U N,, A). In the case that |V,| = |V,|, an assignment (also called a complete

* It is equivalent to the minimum cost circulation problem on a network in which lower bounds
on flows are 0, and upper bounds on flows are 1.



matching) S is a collection of |V}| arcs so that each node of N| and M, is incident to exactly one of the arcs
of S.* The assignment problem is to determine an assignment of minimum cost.

A closed set or closure in a network G = (N, A) is a set S of nodes with the property that no arc is
directed out of S; that is, if i € S, and if (7, /) € 4, thenj € S. Let ¢; denote the cost or weight of node i in
G. The weight of a closure S is the sum of the weights of its nodes. The maximum weight closure
problem is to determine a closure in G of maximum weight. The minimum cost closure problem is to
determine a closure of minimum cost. The maximum weight closure problem is easily transformed into
the minimum cost closure problem by replacing each weight by its negative. We will consider the
minimum cost closure problem in Section 6. The maximum weight closure problem has a number of
applications, (see, for example, Ahuja et al [1]) including the open pit mining problem, which was
introduced by Johnson[21].

A subgraph G' = (N, A") of G is called spanning if N' = N and if G’ is connected. A spanning tree
is a spanning subgraph whose undirected version is acyclic. The cost of a spanning tree is the sum of the
costs of its arcs. The minimum cost spanning tree problem is to determine a spanning tree of minimum
cost.

In the network G, a cut is a subset A" of arcs whose deletion disconnects G into two or more
components, and such that no strict subset of arcs of A" has this property. An s-¢ cut is a cut that
partitions the node set into exactly two parts of which one part, say S, contains the node s and another part
S = N\S contains node £. We let [S, S ] denote the cut. We let (S, S ) represent the forward arcs of the
cut; thatis (S, S)={(i,j) e A:icSandje S}. Welet(S,S) represent the backward arcs of the cut;
thatis (S, S)={(i,j) € A:i e Sandj e S}. The capacity of the s-¢ cut [S, S ] is the sum of the

capacities of the forward arcs of the cut. We denote it by u[S,S]= z The minimum s-t cut

(i,j)e(sj)ué/ :

problem is to determine an s-¢ cut of minimum capacity.
Preprocessing Problems

In this subsection, we state and prove a theorem showing that the preprocessing problems
considered in this paper are all in the class NP. We first introduce another term that is widely used in
proofs of NP-completeness (see Garey and Johnson [16]).

Let I =min{c(S) : S € F} be an instance of problem P. Consider the instance <I(c), j*, K> of the
Preprocessing Problem for P. A certificate for a yes-instance is a pair (d, S) such that d is a cost vector,
S € F and such that the following are true.

i. jres:

’ In an assignment, the directions of the arcs do not matter.



i, |lc-d|.<K;
iii. d(S)<d(S)forall S’ eF.

Theorem 1. Suppose that the combinatorial 0-1 optimization problem P is solvable in polynomial time.
Then the Preprocessing Problem for Problem P is in the class NP.

Proof. Let I =min{c(S) : S € F} be an instance of problem P, and let <I(c), /", K> be a yes-instance of
the Preprocessing Problem for P. It follows that there is a certificate (d, S) that can be verified in time that
is polynomial in the size of the input and in the size needed to represent the vector d. So, it remains to
show that there is also a certificate (d', S) where d’ can be expressed in time polynomial in |J|, log K, and
log Cax, Where ¢ = max (Icjf 1 j € J).

Suppose that (4", S) is a certificate. We can choose another certificate (d,S) by letting d' be the

solution to the following system of linear inequalities:

d,—c;<K foreachieJ (1a)
¢,—d, <K foreachieJ (1b)
D> d<Y d forall S'e F. (lc)

The number of variables in the linear system (1) is |J]. By standard results concerning the size of
solutions of systems of linear inequalities, (see for example, Bertsimas and Tsitsiklis [7], page 375), there
is a rational solution for the system (1) such that the size of the numerators and denominators are
polynomial in |J], log ¢4y, and log K. .

3. HARDNESS RESULTS FOR SOME PREPROCESSING PROBLEMS

In this section, we establish the NP-completeness results for (1) the Shortest Path Problem, (2) the
Minimum Cut Problem (3) the Minimum Cost Node Disjoint Cycle Problem, and (4) the Minimum Cost
Arc Disjoint Cycle Problem.

All of the transformations in this section rely on the following NP-complete problem.
Restricted Path Problem.

INSTANCE. A network G = (N, 4), a designated source node s, a designated destination node ¢, and an
arc (i, j).



QUESTION. Is there some path from s to ¢ that passes through arc (3, j)?
Theorem 2. (Fortune, Hopcroft, and Wyllie). The Restricted Path Problem is NP-complete.

Proof. Fortune et al. [15] proved that the following problem is NP-complete. Given two origin nodes, s
and j, and two destination nodes 7 and ¢, are there node-disjoint paths from s to 7 and fromj to ? One can
immediately see that this problem is equivalent to the Restricted Path Problem. .

Theorem 3. The Preprocessing Shortest s-t Path Problem is NP-complete.

Proof. The Preprocessing Shortest s-# Path Problem in the class NP by Theorem 1. To show its NP-
completeness we carry out a transformation from the Restricted Path Problem. Let G = (¥, A) and (i, j) be
an instance of the Restricted Path Problem. The transformed instance of the Preprocessing Shortest s-
Path Problem is as follows:

INSTANCE. A network G = (N, A) with n nodes, a cost vector ¢ for which ¢,; =0 for all (k,]) € 4, a
designated source node s and destination node ¢, an arc (i, j), and K = 0.

QUESTION. Is there a cost vector d and an s-¢ path P such that (i,j) € P, ||c—d |- <0, and d(P) <
d(P") for any other s-f path P' ?

It is easily seen that the instance of the preprocessing problem is a yes instance if and only if there
is a feasible solution to the Restricted Shortest Path Problem. .

Theorem 4. The Preprocessing Minimum s-t Cut Problem is NP-complete.

Proof. The Preprocessing Minimum s-# Cut Problem is in the class NP by Theorem 1. We now show its
NP-completeness via a transformation from the Restricted Path Problem. Let G= (N, 4) and arc (i, ) be
an instance of the Restricted Path Problem. We create an instance of the minimum cut problem on the
same network G= (N, A4) as follows: u; = 2; and uy, = 1 for (k, [) € A\(i, ).

Now consider the preprocessing instance of determining whether there is a cut [S,S] and a
vector u' of capacities with the following properties: (i) (i, /) € (S,S); (ii) || u - ' |l < 1, and (iii)
u'(S,S)<u'(T,T) for any other s-¢ cut [T,T].

We will show that the answer is yes for the instance of the Restricted Path Problem if and only if
the answer is yes for the preprocessing instance, and this will establish the NP-completeness of the
preprocessing problem.



We first consider the case that the answer is yes for the Restricted Path Problem. Then there is an
s-t path P with (i, j) € P. Let u,,= 1 for each arc (k, /) € P; and letu;,= 0 for each arc in 4\P. It follows
that || u — u' ||.. = 1, and so (ii) is satisfied. Let S consist of node i plus all of the nodes that precede node i
on P. Then [S,S] is an s-¢ cut with (i, /) € (S,S), and so (i) is satisfied. Moreover, u'(S,S)=1, and
u'(T,T)>1 for every other s-¢ cut [T, T]. Thus the answer to the instance of the Preprocessing Minimum

Cut Problem is yes.

We next consider the case that the answer for the instance of the preprocessing problem is yes.
So, (i,/) € (S,8); [[u-u|l.<1,and (S,S) is an s-¢ cut that minimizes u'(S,S) . In particular u; > 1.

Every maximum s-¢ flow sends « units of flow in arc (i, /) since (i, j) is in some minimum cut (by the

complementary slackness conditions of linear programming.) Letx be a maximum s- flow. Using flow
decomposition (see pages 79-83 of Ahuja et al [1]), one can express X as the sum of flows on paths from
s to ¢ and the sum of flows around directed cycles. Let y* be obtained from x" by deleting the flows
around directed cycles. Then y is also a maximum s-¢ flow, and at least one of the s-¢ paths P in the flow
decomposition contains arc (i, j). So the answer to the restricted path problem is yes, completing the
proof. .

Theorem 5. The Preprocessing Minimum Cost Node Disjoint Cycle Problem and the Preprocessing
Minimum Cost Arc Disjoint Cycle Problem are both NP-complete.

Proof. The Preprocessing Minimum Cost Node Disjoint Cycle Problem and the Preprocessing Minimum
Cost Arc Disjoint Cycle Problem are both in class NP by Theorem 1. We now show the NP-completeness
of the Preprocessing Minimum Cost Node Disjoint Cycle Problem via a transformation from the
Restricted Path Problem. Let G= (N, 4) and arc (i, j) be the input for the restricted path problem.

We create a network G’ for the Minimum Cost Node Disjoint Cycle Problem as
follows: G'=(N,A"), where A'=A4 U (¢, s). Weletce(t,s)=-2, c(i,j)=2,and c(k, )= 1 for (k, ]) €
A\(i, j). Now consider the instance of the Preprocessing Minimum Cost Node Disjoint Cycle Problem of
determining whether there is a collection S of arcs and a cost function d satisfying the following
additional properties: (i) (i, j) € S, (ii) || ¢ — d || < 1, and (iii) d(S)<d(S") for any other subset S’ of

node disjoint cycles of G'.

We will show that the answer is yes for the Restricted Path Problem if and only if the answer is
yes for this instance of the preprocessing problem. We consider first the case that the answer is yes for
the restricted path problem. Let P be an s-f path containing (7, j). Let.S=P U {(¢, s).



Let d be defined as follows: d(i, j) = 1; d(t, s) =-2; for each arc (k, [) € P\(i, ), d(k, [) = 0; and
for each arc (k, [) € A\P, d(k, ) = 2.

We note that conditions (i) and (ii) are both satisfied by (P, d). Moreover, S is a single cycle with
d(S) =-1. We will next show that for any other cycle C of G, d(C) > 0. To see that, note that any other
cycle C must contain at least one arc a of A\S, and d(a) = 2, and so d(C) = 0. It follows that d(S") > -1 for
any collection of node disjoint cycles of G’. So, if the answer is yes for the Restricted Path instance, then
the answer to the preprocessing instance is also yes.

We now consider the case that the answer is yes for the instance of the preprocessing problem.
Let (S, d) be a certificate that satisfies (i) to (iii). Then S is the union of node disjoint cycles. Let C be the
cycle in S containing (7, /). We will prove via a contradiction that (¢, s) € C. So, suppose that (¢, s) ¢ C.
But then d(C) > 1 because d(i, j) > 1, and d(a) > 0 for all arcs a € C. But then d(S\C) < d(S),
contradiction that d(S) is minimum. So, we conclude that (¢, s) € C, and thus C\(¢, s) is a certificate for
the Restricted Path instance. This completes the proof of the NP-completeness of the Preprocessing
Minimum Cost Node Disjoint Cycle Problem. The exact same transformation and proof also establishes
the NP-completeness of the Preprocessing Minimum Cost Arc Disjoint Cycle Problem. .

In the next section, we establish the NP-completeness of the Preprocessing Shortest Path Problem
on acyclic networks and the Preprocessing Assignment Problem. These two NP-completeness proofs are
substantially more intricate than the three transformations given here in Section 3.

There is a standard transformation from the Minimum Cost Node-Disjoint Cycle Problem to the
Assignment Problem which involves node-splitting. This node splitting transformation, does not succeed
in transforming the Preprocessing Minimum Cost Node-Disjoint Cycle Problem into the Preprocessing
Assignment Problem, nor does it appear that the transformation be patched. The difficulty in using the
same transformation arises from the following reason. The node splitting transformation from the
Minimum Cost Node-Disjoint Cycle Problem introduces # additional arcs for the assignment problem.
The usual transformation relies on each of these » arcs having a cost of 0. However, in preprocessing
problems we perturb the costs of arcs, and we cannot ensure that the perturbed cost d(e) = 0 for each
newly introduced arc, and the transformation fails.

4. THE PREPROCESSING SHORTEST PATH PROBLEM ON ACYCLIC NETWORKS AND THE
PREPROCESSING ASSIGNMENT PROBLEM

In this section, we establish the NP-completeness of the Preprocessing Shortest Path Problem on acyclic
networks and the Preprocessing Assignment Problem via transformations from 3-Satisfiability, also called
3-SAT. Our definition of 3-SAT is adapted from Garey and Johnson [16].

10



3-SAT
INSTANCE: Collection B = {By, B, ..., B,,} of clauses, each a conjunction of 3 literals, where the literals
are from a set X = {xi, ..., x,,} of variables. (The B stands for Boolean.)

QUESTION: Is there a truth assignment for X that satisfies all of the clauses in B?

A truth assignment is a vector x of variables. If x; = 1, then variable x; is true. If x; =0, then
variable x; is false. The literals associated with the variable x; are x; and x,. In an instance of 3-SAT, we

let clause B; = {b;1, by, b3}, where by, is a literal for » =1, 2 and 3. For example, if B, =(x;,X;,X,) , then
b, =x;,b,, =x;,and b,; =X,. In this case, clause B; is satisfied by truth assignment x ifx;=lorx, =0

or x, = 0. The collection B is satisfied if every clause in B is satisfied.

Theorem 6. The Preprocessing Shortest Path Problem on an acyclic network is NP-complete.

Proof. The Preprocessing Shortest Path Problem on an acyclic network is in the class NP by Theorem 1
(and Theorem 3). We show its NP-completeness via a transformation from 3-SAT.

Let B= {By, B, ..., B,} and X = {xi, ..., x,} be an instance of 3-SAT where B; = {b;,, by, b3} forj
=1 to m. From this instance of 3-SAT, we create an instance G = (N, A) with costs ¢ of a shortest path
problem on an acyclic network. For each pair x, x; of literals, we create four nodes of N labeled s;, ;, and

x, x;. For eachi=1 to n, there are arcs (s;, x;) , (s;, X;), (x;, t;), (X,, ;) in 4, and the cost of each of these

arcs is 1. We illustrate this construction in Figure 1a.

For each clauseB = {b/l’ /2, } we create 5 nodes in N, labeled s,,+/, £+, b,pb,za and b/.3. We

also create the following arcs: (s,+;, ﬂ), (Sn+js bj2), (Sntjs bj3), (Bj1, tasj), (bj2, tavj), and (b3, t,+;). The cost of
each of these arcs is also 1. We illustrate this construction in Figure 2b.
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Figure 2a. Figure 2b.

Figure 2. Figures 2a and 2b illustrates two subgraphs used in the construction in the proofs of Theorems 6 and 7.
Figure 2a illustrates the four nodes associated with each pair of literals x; X,. Figure 2b illustrates the subgraph with

five nodes associated with the j-th clause.

For eachj=1ton + m -1, there is an arc (¢, s;+1) in A with (¢, s;11) = 1. Finally for eachi=1 to
n and for eachj = 1 to m, if b; = x;, then there is an arc (X;, b;) in 4, with c(X;, b;,) =-2. If b;, = X, , then
there is an arc (x;, b;) € A with c(x;, b;) =-2. We refer to this collection of 3m arcs (one for each literal
b;. ) as the shortcut arcs, and denote it as set Agc..

The origin node for the shortest path problem is s;. The destination node for this problem is 7,
Before proceeding further with the transformation, we make an observation, stated in the form of a
lemma.

Lemma 1. Every directed path P in G from node s, to node t,+,, includes either arc (t,, s,+1) or it includes
exactly one shortcut arc.

Proof. LetS= U; {s;,x;,,x,,t,}. Then [S, S ]is cut that separates s, from node f,,, . The forward arcs

of this cutset are (S, §) = Asc Y {(t,, s,+1)}, and there are no backward arcs; that is, (§ ,9)=0. We
claim that for any path P from s, to node #,+,, | P " (S, S)|= 1. The proof will follow directly from this
claim.

Note that for any cut [T, T ] separating s, to node f,+,, any path P from s, to node #,+,, must
contain exactly one more forward arc than backward arc in cut [T, T ]. Since [S, S ] has no backward
arcs it follows that | P N (S, S) | =1, completing the proof of the lemma.

We now return to the proof of Theorem 6. Consider the preprocessing instance of determining
whether there is a path P from s, to node ¢,+,, and a vector d of costs so that (i) path P contains (z,, $,+1),
(1) || d - ¢ |l» £ 1, and (iii) d(P) < d(Q) for any other path Q from s, to node #,.,,. We will show that the
answer is yes for this preprocessing instance if and only if the set of clauses is satisfiable, thus
establishing the NP-completeness of the preprocessing problem.

We first consider the case that there is some satisfying truth assignmentx” . (There may be more
than one.) To simplify notation, we reorder the literals in each clause so that b;; is satisfied by x* for each
j=1tom.
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LetN = {x;: x, =1} U {X: x =0} U {b;:j=1tom}.

Note that every literal in N is true. Let P be the unique directed path of G from node s, to node ¢,.,, that
passes through each node of N'.  For each arc a € 4,

0 ifaeP
d(a)=+1-1 ifae 4,
1 otherwise.

We now show that (P, d) is a certificate for the Preprocessing Shortest Path Problem. First, (i) is
true because (¢, s,+;) € P. Second (ii) is true because || ¢ — d ||, < 1. We note that d(P) = 0. To show that
(iii) is true, we will show that for any other path Q from s; to #,+,,, d(Q) = 0.

If O has no shortcut arcs, then d(Q) > 0. So, suppose that Q has a shortcut arc. We will show that
Q has at least one arc shoes cost is 1, and so d(Q) > 0. By Lemma 1, O has exactly one shortcut arc.
Consider first the case that arc (x;, b;;) is the shortcut arc of Q. By construction of the shortcut arcs,
bj;=X,,and x;=0. But then (s; x;)e QO since it is the only arc directed into x,. Therefore, d(Q) > d(s;, x;)
+ d(x; b;;) =0, which is what we wanted to prove. We next consider the case that the shortcut arc of Q is
the arc (X, b;;). Then b;; =x;, and x, = 1, and d(Q) > d(s;, X,) + d(X,, b)) = 0. Finally, if the shortcut arc
of Q is arc (v, b;,) for » =2 or 3, then d(Q) = d(v, b;,) + d(b;, t}) = 0. In all three cases for shortcut arcs,
d(Q) = 0, and thus d(Q) > d(P), completing the proof that the answer to the preprocessing problem is yes.

We now consider the case that the answer for this instance of the preprocessing problem is yes.
Suppose that there is a shortest path P with respect to costs d from node s, to node ¢,.+, that passes
through arc (¢, s,+;). By Lemma 1, the path P does not contain any shortcut arc. We now define the truth
assignment x~ as follows: if node x; € P, let variable x; = 1. Ifnode X, € P, let variable x, =0. We
will show that x" satisfies each of the clauses, and thus the instance of 3-SAT is a yes-instance. To see
that x" satisfies each of the clauses, consider clause B;, and suppose that node b;, € P, where b;, = ..
(The case that b;, = x; is proved in the same manner.) By construction, (x;, b;.) is a shortcut arc, and
d(x;, b;) < -1 because c(x;, b;) =-2,and ||d—c . <1. Ifx; € P, then we could obtain a strictly shorter
length path than P by replacing the subpath in P from x; to b, by the shortcut arc (x;, b;,), contradicting
that P is a minimum cost path. So, x; ¢ P, and by our choice of variables, xf =0, and the clause B, is
satisfied. Similarly, one can show that if b;. = x;, then xj =1, and the clause B, is satisfied. We conclude

that all clauses are satisfied, completing the proof. .
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The Assignment Problem and Node-Splitting.

The transformation in the proof in Theorem 6 is the basis for transformation in the NP-
completeness proof of Theorem 7 (below) as well. The latter transformation also includes “node-
splitting.” Prior to stating Theorem 7 and its proof, we prove a lemma concerning “node-splitting”.

Consider an acyclic network G = (N, A) with costs ¢ and with a designated source node s and
destination node #. We create a network G’= (N’ 4°) by “splitting” all nodes except s and ¢, and
relabeling nodes s and ¢.

. N={" 1"} u{i',i":ie N\s,t}

o N

2. A'=4,U Ay, where Ay ={(",i"):i e N\s,t} is the collection of node-splitting arcs and
Ao =10 ) (0, ) € 45

Node-splitting is a standard transformation used in network optimization. See for example, Ahuja et al
[1993, pages 41-43].

We let the symbol @ denote the symmetric difference operator. For any two subsets S and 7,
S @ T are the elements in S or 7 but not both. Equivalently, S ® T=S\T U T\S.

Lemma 2. Let G = (N, A) be an acyclic network with source node s and destination node t. Let G'=
(N, A’) be obtained from G by splitting all nodes in N\{s, t}. Then there is a 1-1 correspondence between
directed s-t paths in G and assignments in G'.

Proof. Suppose P is an s-f path in G. Let P’ be the corresponding path from s"to ¢#'in G'. Let A;; be
the set of node-splitting arcs of G'. We will show that M = P’ @ 4, is an assignment of G’. We first
note that exactly one arc of P’ is incident to node s”, and thus one arc of M is incident to node s”. Also,
one node of P’ is incident to node ¢', and thus one arc of M is incident to node . We now consider
nodes i'and ", and will show that each of these nodes is incident to one arc of M. 1fi ¢ P\{s, ¢}, then
neither i'nor " is a node of P’, and thus i'and " are each only incident to (', i")in M. Ifi € P\{s, t},
then there is a subpath j, i, kin P, and (/",i"), (i',i"), and (i",k") are the arcs incident to i"and " in P'.
Then (j",i") is the only arc of M that is incident to i"and (i",k")is the only arc of M that is incident to i" .

So, each node of N’is incident to exactly one arc of M, and M is an assignment.

We now consider the case that M is an assignment of G'. Let S=M @ A4,,. We will show that S
is a directed path from s"to ¢'in G’, and thus it induces a unique directed path from s to z in G. More
precisely, we will show (i) s” has one outgoing arc in S, (ii) ¢ has one incoming arc in S, and (iii) every
other node either has no incident arcs or it has one incoming arc and one outgoing arc. It will follow from
flow decomposition theory that S may be decomposed into a directed path from node s” to node ¢ plus the
flow around directed cycles. But G’ is acyclic, and so S is a directed path from node s” to node ¢'.
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The assignment M has one incident arc a to s”, and it must be outgoing. So a € S and (i) is true.
The assignment M has one incident arc to ¢', and it must be incoming. So S has the same arc incoming to
¢, and (ii) is true.

o el

Next, consider nodes i’ and i" and condition (iii). If (i",i") € M, then neither node i’ nor node i" is
incident to any arc of S, and (iii) is true in this case for both node i’ and node " . If (i',i") ¢ M, then i’ is

L/

incident to an arc (;",i") € M for some node j € N, and " is incident to arc (", k') for some k € N. (The

L/ )

arcs of the form (;”,i") are the only arcs incident to i’ other than (i,i").) Thus (;",i") € Sand (i',i") € S,

and (i", k') € S. In this case (iii) is also true. Since (iii) is true in both cases, the theorem is true. *

Theorem 7. The Preprocessing Assignment Problem is NP-complete.

Proof. The Preprocessing Assignment Problem is in the class NP by Theorem 1. In order to establish its
NP-completeness we modify the transformation from the 3-SAT instance given in the proof of Theorem
6.

Let B= {By, B,,..., B,}, X= {xi, ..., x,} be an instance of 3-SAT where B; = {b;,, b, b3} for
j=1tom. Let G = (N, A) with costs ¢ be the instance of the shortest path problem on an acyclic network
as created in the proof of Theorem 6, and as illustrated in part in Figure 1. Let G’ = (V', 4") be obtained
from G by performing node-splitting on all nodes in N except for node s, and node #,.,. We let s denote
the source node of G', and we let ¢/

n+m

A', and let A;. denote the shortcut arcs of 4.

denote the destination node. Let A} be the node-splitting arcs of

For each node-splitting arc a, let ¢’(a) =-1. If a € A4y, and if @’ is the corresponding arc of 4,
then ¢’(a’) = c¢(a). For example, for all shortcut arcs a’ of 4;, ¢'(a’) = -2.

Consider the preprocessing instance of determining whether there is an assignment M and a
vector d of costs so that (i) (¢/,s/,,) € M, (ii) || d - ¢' |l <1, and (iii) d(M) < d(Q) for any other

assignment Q of G'. We will show that the answer is yes for this preprocessing instance if and only if the
set of clauses is satisfiable, thus establishing the NP-completeness of the preprocessing problem.

We first consider the case that there is a truth assignment x~ that satisfies all of the clauses. Let
P be a directed path of G from node s, to node #,+,, that passes through »n + m true literals, as per the proof
of Theorem 6. Let P’ be the corresponding path from s to node 7/, in G'.

n+m
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0 if(i,j)eP
Let d(i",j)=<-1 if(i,j)e€ Ay
1 otherwise.

Let d(i',i") =0 for (i",i") € A} .

By Lemma 2, M =P' @ A, is an assignment of G'. We will show that M and d satisfy
conditions (i) to (iii) above. Since P’ contains no shortcut arcs, it follows that (¢/,s’.,) € P, and thus
(t!,s!.,) € M ,and (i) is true. It is obvious that (ii) is true. We now show that (iii) is also true.

Let O be another assignment. Then, by Lemma 2, pP= 0 ® 4,4 is a directed path from node s,
to node #,+,,. We claim that d(Q)=d(Q @ A4,,)= d(13) > d(P") = d(M), and so d(Q) = d(M). The first
equality is true because all node-splitting arcs have a cost of 0. The inequality is true because P’ is a
shortest path from node s, to node ¢,,, with respect to costs d as established in the proof of Theorem 6.

Thus a yes-instance for the 3-satisfiability Problem leads to a yes-instance for the Preprocessing
Assignment Problem.

We now consider the case that the instance of the preprocessing problem is a yes instance. Let M
be an assignment and d be the costs, where (M, d) satisfies conditions (i) to (iii). Let P =M @ Q. Then
by Lemma 2, P’ is a path from s, to node #,+,,. By (i), (¢, $.+;) € M, and so (¢,, s,+;) € P'. By Lemma 1,
P’ has no shortcut arcs. Let P be the corresponding path in G, and let x” be the induced truth assignment,
as in the proof of Theorem 6. We will show via a proof by contradiction that x* satisfies B, and thus the
instance of 3-SAT is a yes instance, completing the proof.

We suppose that x* does not satisfy B and will derive a contradiction. Suppose that b, e P',and
that b, is not satisfied. So, suppose that b;, = x;, and x, =0 . (The case that b, = X, is proved in the same
manner.) Then X € P', and (] ,b},) is a shortcut arc, and d( ¥, b}, ) <-1. Let P be obtained from P’ by

deleting the subpath in P’ from X to b/

Jr?

and adding the shortcut arc (X]',5],). Let M=P & A. By

Lemma 2, M is an assignment. We will next show that d( M ) < d(M), which will be a contradiction. We
note the following relationships.

1. M~ Ayc M N Ay because P Ay € PO Al

2. M A,c M~ A because P N A, P AL,

From (1) and the fact that d(a) <0 for a € A4, it follows that d(M N Ay ) - d( M N Ay) = 0.
From (2) and the fact that d(a) > 0 for a € 4),, it follows that d(M N A4}) - d(M N A4,)=0.
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Thus, d(M)—d(M)=[dM N Ay)-d(M A A)]+[d(M N 4)) - dM A 4))]-d(x b)) > 1,

and so M is not a minimum cost assignment, contrary to assumption. This completes the proof. ¢
5. THE PREPROCESSING MINIMUM COST BASIS OF A MATROID PROBLEM.

Let I denote an instance of P with feasible set F, and let ¢ be the cost vector. So, I =min{c(S) : S € F}.
The feasible collection of sets F is called a matroid if the following three axioms are satisfied.

1. DekF;
2. ifSeF,andif Tc S, then T € F; and
3. ifSeF,andif T € F, and if |7] > |S|, then there is an element e € 7\S such that S U {e} € F.

Matroids have been widely studied (see, for example, Lawler [25]) and have a wide range of applications
in combinatorial optimization. Edmonds [14] showed that the greedy algorithm solved matroids, and that
matroids could be expressed in terms of the greedy algorithm.

If S € F, then S is said to be independent. Otherwise, S is said to be dependent. A maximum
cardinality independent set is called a basis of the matroid. A circuit C is a subset of J that is minimally
dependent, that is, C is dependent and no subset of C is dependent. For any subset S < J, the rank of S is
the cardinality of the largest independent set in S, and we denote it as 7(S).

Matroid Property 1. Suppose that (J, F) is a matroid. Suppose further that S € F, and S v {j} # F.
Then there is a unique circuitin S U {j}.

Matroid Property 2. Suppose that (J, F) is a matroid and that r(-) denotes the rank function. The r(-) is
submodular. That is for any two subsets S and T of J, v(S) + H(T) >r(S v T) + (S N T).

Matroid Properties 1 and 2 are both well known.
We now consider the following generalization of the Preprocessing Problem for Problem P.

The Generalized Preprocessing Problem for P.

INSTANCE. An instance I =min (¢(S) : S € F) of P, a subset J' of J, a vector w of weights, and an
integer K.

QUESTION. Ifthere a subset S € F and a cost vector d such that
i J'cS;
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. ||wd-o0)|l.2K;
iii. d(S)<d(S")forall " €F.

Algorithm 1. The Generalized Preprocessing Problem for the Minimum Cost Basis of a Matroid.
begin
d =c¢; -Klw; forallie J';
d =c¢; +Kw; forallig J';
relabel the elements of J in non-decreasing order of d; (in case of a tie, choose elements of
J' first);

fori=1ton,if S'U {i} € F,then S":= S" U {i};
if S’ contains J', then the answer to Generalized Preprocessing Problem is yes; else the

answer is no;

end

Theorem 8. Algorithm I solves the Generalized Preprocessing Minimum Cost Matroid Basis Problem in
polynomial time.

Proof. Algorithm 1 first reorders the elements of J in non-decreasing order of their costs with respect to
d' and then runs the greedy algorithm. As shown by Edmonds [14], the set S’ is a minimum cost basis
with respect to costs @ at the end of the algorithm.

IfJ'< S’, the answer is yes for the Generalized Preprocessing Problem. So, it remains to prove
that the answer is no whenever J' & S'. Let g be the first element of J' thatis notinS’. Let C be the
unique circuit created by adding ¢ to the existing independent set at iteration ¢ of the for-loop of
Algorithm 1. Then forany i € C\J', d/<d, ,and thus ¢; < ¢, —K/w; - K/w, . Then for any cost function

d with || w(d —c) || < K, it must be true that forany i € C\J', d; <d, .

If J' is part of some optimal basis with respect to d, then there must be an ordering of the
elements of J such that the ordering is non-decreasing in costs with respect to d, and such that the greedy
algorithm puts each element of J'in the basis. So consider the greedy algorithm as run with respect to
costs d, and let & be the last element of C to be considered by the greedy algorithm. We will show that &
€ J'and that k is not part of the minimum cost basis created by the greedy algorithm, and so the theorem
is true. To see that k € J', note that for any i € C\J', d; <d; <d,. To see that k is not part of the
minimum cost basis selected by the greedy algorithm, let S be the elements considered strictly prior to &
in running the greedy algorithm with respect to d. Then (S « k) — r(S) < r(C) — r(C\k) = 0, where the
inequality follows by the submodularity of ». So &k will be not be added to S’ by the greedy algorithm. &
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Algorithm 1 can be used to solve the Weighted Minimax Inverse Minimum Cost Spanning Tree
Problem, which was also solved by Ahuja and Orlin [3]. However, it does not solve the Weighted
Minimax Partial Inverse Minimum Cost Spanning Tree Problem, which is shown to be NP-complete in
Orlin Error! Reference source not found.. Of related interest are polynomial time algorithms for the
Inverse Minimum Cost Spanning Tree Problem by Ahuja, Orlin, and Sokkalingam [5], and Ahuja and
Orlin [3], and Dell'Amico, Maffioli, and Malucelli [11].

6. THE PREPROCESSING MINIMUM COST CLOSURE PROBLEM.

In this section we give a polynomial time algorithm for the Generalized Preprocessing Minimum Cost
Closure Problem. More generally, we solve the Generalized Preprocessing Minimum Cost Element of a
Lattice Problem.

Let I denote an instance of P with F as the set of feasible solutions and c as the cost vector; that
is, [=min{c(S) : S € F}. The feasible collection of sets F is called a lattice if the following two axioms
are satisfied.

1. IfSeFandif T e F,thenSuUT eF.
2. IfSeFandifTeF,thenSNTeF.

Lattices have been widely studied. See for example, Birkhoff [8].

We next show that the collection of closures in a directed network G = (I, A) is a lattice. That is,
we will show that if S < N is a closed set and if T < N is a closed set, then so are SN Tand SuU T.
Suppose that S e F, T e F,andi € SU T. If (i, j) € 4, then either i € S, (in which casej € S) orelsei
T (in which casej € 7). In both cases, j € S U T, and so we have shown that S U T'is a closed set.

Suppose nextthat S e F, T e F,andi e SN T. If (i,j) € 4, then j € Sandj € T, and so
j € SN T. We have thus shown that S M T'is a closed set. So the set of closures in a directed network is
a lattice.

The Generalized Preprocessing Minimum Cost Element of a Lattice.

INSTANCE. An instance I =min (¢(S) : S € F), where F is a lattice over .J, a subset J'< J, and an
integer K.

QUESTION. If there a subset S € F and a cost vector d such that
i JcS
ii.  |[w(d-c¢)|l.<K;and
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ii.  dS)<d(S')forall S' eF.

Algorithm 2. Generalized Preprocessing Minimum Cost Element of a Lattice Problem.
begin
d/ =c;-Klw; foralli e N;
find an element S’ € F such that d'(S") is minimum (in case of alternate optima, choose a minimum cost
element S” of maximum cardinality);
if J'c S, then the answer to the generalized preprocessing minimum cost closure problem is yes;
else, there is no assignment d of weights so that a minimum cost closure of I(d) contains J';

end

Theorem 9. Algorithm 2 solves Generalized Preprocessing Minimum Cost Element of a Lattice Problem.

Proof. Let S’ be the minimum cost element of F with respect to costs d’ as determined in Algorithm 2.
If J'c S’ , the answer is clearly yes for the Generalized Preprocessing Problem.

Suppose conversely that the answer is yes for the Generalized Preprocessing Problem, and let
(S, d) be a certificate such that that (i)-(iii) above are satisfied. We will next show that d'(SuU S") <
d'(S"), which by our selection of S’ in Algorithm 2 implies that (S S')= §', and so the algorithm
will produce an answer of yes as well. We claim that

d(SU S )=d(S)+d(\S)<d(S)+dS\S')<d(S").

The first inequality is true because d' < d. The second inequality is true because d(S\S") =
d(S)-d(Sn S"), and d(S) < d(S " S") because S N S’ € F, and by condition (iii) S is optimal with
respect to d. *

We note that Algorithm 2 solves the Generalized Preprocessing Minimum Cost Closure Problem
in the time it takes to solve the Minimum Cost Closure Problem, which is polynomial, as implied by
Johnson [1968], who modeled the Minimum Cost Closure Problem as a network flow problem.

7. SUMMARY AND CONCLUSIONS

We have shown that the preprocessing problem is often much more difficult than inverse
optimization problems. We have shown the NP-completeness of the Preprocessing Shortest Path Problem
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on acyclic networks, the Preprocessing Assignment Problem, the Preprocessing Minimum Cut Problem,
and the Preprocessing Minimum Cost Node Disjoint (and Arc Disjoint) Cycle Problem. We have shown
that the Preprocessing Problem reduces to the original problem, whenever the feasible sets forms a
matroid or greedoid.
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