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Abstract

In this paper, we extend the notion of a fully polynomial time approximation scheme (FPTAS) to
multi-criteria optimization problems. Necessary and sufficient conditions for the existence of an
FPTAS are presented. We also develop a new form of reduction to prove the existence of an FPTAS
for a variety of multi-criteria problems. The generic problem used to derive most of the results
is the Source-to-Tree (STT) Network Flow problem. We establish the existence of an FPTAS for

several multi-criteria knapsack, scheduling, and production problems.



1 Introduction

Suppose that we are given a graph G = (V, E) and the task of finding a path between two specified
nodes in V that is both shortest and cheapest. Finding the shortest path is easy, as is finding the

cheapest path; but finding a path that is both shortest and cheapest is not.

In general, a graph will not have a single path that is both shortest and cheapest. Instead, a
solution to this problem consists of a set of paths that are efficient or Pareto optimal. Each of these
paths is optimal in the sense that any other path which is shorter must be more expensive, and
any other path which is cheaper must be longer. No path can be as short as and cheaper than, or

as cheap as and shorter than, an efficient path.

For some multi-criteria combinatorial optimization problems, just establishing if a feasible so-
lution is efficient is NP-hard. In the example above, determining if a specific path is efficient with
respect to distance and cost is NP-complete (Garey and Johnson, 1979). In contrast to this, in
multi-criteria linear programming, determining if a given feasible solution is efficient is easy: it can

be done by solving a single additional linear program (see, e.g., Ecker and Kouada, 1975).

Furthermore, for many multi-criteria problems, asking for the set of efficient solutions is not
even in NP, because the size of the solution set might not be bounded by any polynomial in the
size of the problem’s encoding. In some cases, the cardinality of the efficient set is exponential or

even uncountable.

In view of these difficulties, we propose finding approzimate solutions to multi-criteria com-
binatorial optimization problems. For any e > 0, an e-approximate solution must satisfy two
conditions in addition to feasibility. First, an approximate efficient set must be small (i.e., of size
polynomially bounded in the problem’s encoding and in 1/¢). Second, for any efficient solution,
the approximately-efficient set must include a point whose value is no more than a fraction (1 + ¢)
larger in each component (assuming minimization) than the criteria vector for the specified efficient

solution.

Methods for finding approximate solutions to single-criterion optimization problems have been

discussed extensively. In the single-criterion context, an e-approximation algorithm finds a solution



whose relative error from optimality is no greater than e. For some problems, such algorithms
exist only for values of € that are at least as large as some positive lower bound, unless P = NP.
For some other problems, e-approximate algorithms exist for any positive value of e. In the latter
case, two classes of algorithms have received primary attention. For any fixed € > 0, a polynomial
time approzimation scheme (PTAS) runs in time polynomial in the size of the instance, and a fully
polynomial time approzimation scheme (FPTAS) runs in time polynomial in the size of the instance

and in 1/e.

Approximation in the multi-criteria context has received rather less attention. Approximately
efficient solutions are, however, known to exist. Papadimitriou and Yannakakis (2000) proved
that for any multi-criteria optimization problem with a fixed number of criteria, and any € > 0,
there exists a set of e-approximate solutions of cardinality polynomial in the size of the problem’s
input and 1/e. However, this existence result does not guarantee the possibility of polynomial-time

construction.

The present paper addresses the existence of fast algorithms for finding approximate solution
sets. It presents conditions under which an e-efficient set for a multi-criteria problem can be
computed in polynomial time and space in both the size of the problem’s encoding and 1/, that is,
it identifies necessary and sufficient conditions for the existence of an FPTAS for for a multi-criteria

discrete optimization problem.

The necessary and sufficient conditions are developed in the context of general combinatorial
optimization. The paper bridges the gap between the necessary and sufficient conditions by identi-
fying a smaller subclass of problems that is appropriate for both; the results are therefore of interest
even in the single-criterion case. The appendix introduces a new form of reduction that is used to

simplify application of the main theorem.

The remainder of the paper discusses FPTASs for a variety of problems. The multi-criteria
Source-To-Tree Network Flow (STT) problem is introduced and an FPTAS is described for gener-
ating an e-efficient solution for variants of this problem. This results in establishing the existence of
FPTASs for multi-criteria flow, knapsack, and scheduling problems. We conclude by establishing

the existence of an FPTAS for the single-commodity dynamic lot sizing problem.



An e-efficient set may contain a large number of solutions, even though it has cardinality poly-
nomial in the size of the problem’s encoding. Given an approximate solution set, a decisionmaker
will be faced with the question of how to select one or several solutions. This choice implies
an explicit or implicit tradeoff between the criteria. The issue of choosing between alternative

approximately-efficient solutions is not addressed in this paper.

In the multi-criteria literature, a popular approach for selecting a solution from a set of efficient
solutions is by minimizing some measure of distance (a norm) between a solution and the “ideal” r-
vector of optimal single objective values (see Steuer, 1986). Unfortunately, this approach cannot be
extended to the case of e-efficiency because the notion of “e-ideal” cannot be modified to represent
an r-vector of values, each component being (1 + €) relative distance from its single-objective

optimum.

This paper is based on and borrows heavily from Safer and Orlin (1995a, 1995b). Readers
interested in details of the historical perspective and the related mathematical foundations should
consult these two working papers. We also note two important books on single-criterion approxima-
tion algorithms which appeared in 1997 and 2001, by Hochbaum and Vazirani respectively. These

books contain all of the basic and most of the advanced results in that area.

2 Basic Terminology, Definitions, and Notation

The problem of finding a path between two given nodes s and ¢ in G that is both cheap and short
serves to illustrate and clarify concepts and definitions. A very fine analysis and discussion of this
specific problem has been presented by Warburton (1987). We have already noted that this problem
is easy when using either criterion by itself but is N P-hard with both criteria simultaneously. The
computational and conceptual complications that arise from adding criteria to easy single-criterion

problems motivate our investigation of approximation algorithms for multi-criteria optimization.

We begin with basic approximation concepts for single-criterion problems. An algorithm for a
problem runs in pseudo-polynomial time if it solves any instance of the problem in time polynomial

in the size of the instance (that is, the space required by a compact binary encoding of the instance)



and in the value of the largest integer that appears in the instance description.

A necessary condition for the existence of an FPTAS for a single-objective problem is the
existence of a pseudo-polynomial time algorithm for the problem (Garey and Johnson, 1978). This
is, however, not sufficient (if P# N P): the two-dimensional binary knapsack problem can be solved
by a pseudo-polynomial algorithm but does not have an FPTAS (Gens and Levner, 1979). The
existence of an FPTAS for an N P-hard problem is the theoretically most promising result about
solvability if P# N P, so identifying ever larger classes of N P-hard problems for which the existence

of an FPTAS can be guaranteed is of considerable interest.

Papadimitriou and Steiglitz (1982) and Orlin (1982) have identified subclasses of pseudo-
polynomial time algorithms, each of which implies the existence of an FPTAS for the correspond-
ing N P-hard problem. However, some problem-specific FPTAS existence results are outside these
classes (e.g., van Hoesel and Wagelmans, 2001). An interesting class of N P-hard problems with
FPTASs has also been described by Woeginger (2000) in terms of the characteristics of the cor-
responding dynamic programming formulation that Woeginger calls “DP-benevolent.” This paper
extends the sufficiency conditions for existence of FPTASs both for single-objective problems and
to the more general setting of multi-criteria problems. The discussion focuses on the latter, but
notes the implications for the former. The paper is mostly self-contained, but basic familiarity with

Garey and Johnson (1979) would be helpful.

The next two subsections introduce definitions relating to problem statements, problem solu-

tions, and solution algorithms.

2.1 Problem Statements

This section describes the notation used to represent problems and instances and the assump-
tions that we make about them. The following conventions are observed, except where specified.
Logarithms are to the base 2. Vector norms are infinity norms, that is ||z|| = max{|z;| : z =
(z1,...,71)}. The vector e is a k-dimensional vector of 1’s. The set Z"Z is the n-dimensional

nonnegative integer grid and Z"* = Z"Z \ {(0,... ,0)} is the positive integer grid.



For simplicity of exposition, we assume, without loss of generality, minimization in each crite-
rion, except where noted otherwise. Safer and Orlin (1995a) address maximization and combina-

tions of minimization and maximization in different components of an objective function.

An n-dimensional feasible set is a bounded set S C Z"Z. Since S is bounded, there is an integer
u < oo such that for any z € S, ||z|| < u. The smallest integer u with this property is defined as

the norm of S, i.e., ||u(S)|| = «(S) = min,{||z|| < u:z € S}.

An r-criteria objective function f maps a feasible set S into Z""; that is, for any z € S,
f(z) is an r-dimensional positive integer vector. We assume that for any = € S, any objective
function component f;, and any finite M; € ZT, the truth of the statement “f;(xz) < M;” can be
verified in time polynomial in the encoding of ¢ and M;, ¢ = 1,...,r, or symbolically, in time
O([n x log(||z||) x log(M;)]*), for some integer ¥ < oco. In addition, we assume that f(z) can
be evaluated in time polynomial in the encoding of x and f(z) for any # € S, that is, in time
O([n x » x log(||z||) x log(||f(z)||)]¥), for some integer k < co. To avoid the issue of intractability
because of the number of criteria r, throughout this paper we assume that r is not a function of S,

but is rather fixed for each family of problems.

An instance of an optimization problem is represented by a pair I = (S, f), where for positive
integers n and r, S is an n-dimensional feasible region and f is an r-criteria objective function. An

optimization problem II = (£, F, Opt) is a collection of instances (S, f) with S € E and f € F.

An instance of a feasibility problem is represented by a 3-tuple I = (S, f, M). The first two
components are the same as for the optimization instance. The final component, M, is the vector of
target values that we would like to achieve (see the next subsection for precise details). A feasibility

problem II = (E, F, Feas) is a collection of instances (S, f, M) with S € E, f € F,and M € Z"*.

The largest value of an optimization instance I = (S, f) is My(I) = max{||f(z)|| : 0 < z <
u(S)}. For a feasibility instance I = (S, f, M) we are not concerned with values of f;(z) that are

larger than M;, so the largest value of I is M, (I) = || M]|.

The length L(I) of an instance I = (S, f) or I = (S, f, M) is the number of bits needed to
encode both S and M, (I).



The value of M, (I) for an optimization instance I can be difficult to determine exactly, but a
close approximation (i.e., within a factor that is polynomial in L(I)) can generally be found fairly
quickly. We assume that for any instance I, a close finite upper bound M, (I) of M,(I) can be
found in time polynomial in L(I). That is, for some ky, k2 € ZF, time O([L(I)]**) is sufficient to

find a bound M, (I) satisfying M, (I) < M,(I) € O(M,(I) x [L(I)]*).

2.2 Solutions and Algorithms

We now present the notation used to describe problem solutions and algorithms for finding them.
A solution to an optimization instance I = (S, f) is a minimal-cardinality set of feasible points
whose f values constitute the efficient frontier. We refer to effecient sets in decision space and to

the efficient frontier in criteria space.

A solution to a feasibility instance I = (S, f, M) is a point z with f(z) < M, if such a point
exists; that is, a point whose objective function values achieve the specified target values. Note
that a statement that such an x exists is not sufficient; the solution consists of a suitable value of

Z.

An algorithm for an optimization or a feasibility problem II is V-pseudo-polynomial (VPP), if
for any instance I € II, the algorithm finds a solution for I in time polynomial in the length and
the largest value of the instance, i.e., in time O([L(I) x M,(I)]¥), for some k € Z+. If a VPP

algorithm exists for II, then II is said to “have a VPP algorithm.”

The “V” stands for “value”; so a VPP algorithm is essentially a pseudo-polynomial algorithm
for which the integer from the problem statement that appears in the time bound is from the
objective function value. A pseudo-polynomial algorithm for which an integer from the description

of the feasible region appears in the time bound might not be VPP.

For an r-vector v and any € > 0, the set of points that are within a factor € of v in each
component is called an e-ball around v. The balls are actually rectangles rather than spheres
because the difference from v is measured separately for each dimension. We note that the balls

grow bigger as the values of v increase because ¢ is a relative measure.



An e-efficient solution to an optimization instance is a minimal-cardinality set of feasible points
with the property that each point on the efficient frontier is close to the value of at least one point
of the e-efficient solution set, that is, the former point is inside a closed e-ball around the latter
point. This means that if we draw an e-ball around the values of all the e-efficient points, the
entire efficient frontier will be covered. Formally, an e-efficient solution for an instance I = (S, f)
is a minimal set ¥ C S such that for each efficient z € S, there is a point y(z) € Y such that
fily) < (1 +e€)fi(z),i=1,... k. Note that for e-efficiency, a strict “<” on at least one coordinate

is not required, though it is required for efficiency.

An algorithm for an optimization problem II = (=, F, Opt) is a fully polynomial time approxima-
tion scheme (FPTAS) if for any € > 0 and instance I € II, the algorithm finds an e-efficient solution
for I in time polynomial in the length of the instance and in 1/e, that is, in time O([L(I)/€]*), for
some k € ZT. If some FPTAS exists for II, then II is said to “have an FPTAS.”

The notion of e-efficiency is defined only for optimization problems, not for feasibility problems.

3 VPP Algorithms and FPTASs

We start this section by showing that the existence of a VPP algorithm for an optimization problem
IT is a necessary condition for the existence of an FPTAS for II. We then show that the converse
is not true and define some relevant regularity conditions on problems. The section closes with the
paper’s key theoretical result, that under the regularity condition, the existence of a VPP algorithm

is sufficient to guarantee the existence of an FPTAS.

Theorem 1: Consider an optimization problem IT = (£, F, Opt). If Il has an FPTAS, then II has

a VPP algorithm.

Proof: Suppose that an FPTAS H for II is specified. We construct a VPP algorithm for IT as

follows. Let I = (S, f) be an n-variable instance of II.

First, determine the value M,(I) and set € < 1/(1 + M,(I)). Then solve I using H with

accuracy (1 + e).



To prove that this construction constitutes a VPP algorithm for IT we have to show that the

algorithm runs in VPP time and finds the solution to II.

We assumed that there exists a k1 € Z1 such that the close upper bound M, (I) of M,(I) can
be determined in O([L(I)]*) time. Since # is an FPTAS for II, it solves II in time O([L(I)/€]*?) C
O(IL(I) x My,(I)]**), for some ko, k3 € Z*. Therefore the algorithm H takes VPP time.

Suppose that the algorithm returns a set Y C S; then for any efficient point x € S, there is
some y(x) € Y such that f(y) < (1+ €)f(x). Since f;(x) < M,(I) < M,(I),i=1,...,r, it follows
that efi(z) < M,(I)/(1 + M,(I)) < 1, i = 1,...,r. But each f; maps into Z*, implying that
“fractions do not count,” and so f(y) < f(z). But x is Pareto optimal, and therefore f(y) = f(z).

So Y is an exact solution of II. [

The converse of Theorem 1 cannot be true unless P = N P. We demonstrate this with a problem

that has a VPP algorithm but no FPTAS, unless P = NP.
Example 1: Minimum Cost Ezact Cover by 3-Sets (MIN-X3C)

Instance: (n,m,A,B,c) and K € Z*. The number of triples n and the solution size m are non-
negative integers with m < n; A = {a1,...,a3m} is the set of items; and B is a collection of n
triples B; C A with |B;| = 3 and cost ¢; € ZZ, j = 1,... ,n. An exact cover of A is a set B' C B

with [B'| = m such that Up,cp Bj = A.
Question: Is there an exact cover B of A such that Zj:BjeB ¢ <K?7

Setting each ¢; = 1 yields the Ezact Cover by 3-Sets (X3C) problem and the cost question
asks about the cardinality of an exact cover. X3C is known to be strongly N P-complete and so is

MIN-X3C (Garey and Johnson, 1979). Therefore no FPTAS exists for X3C unless P = NP.

Now consider a restriction of MIN-X3C in which each ¢; € [2”‘1, 2"] ,j=1,...,n. An instance
I of the restricted MIN-X3C has an encoding of length L(I) € ©(nlog(m) + nlog(cmaz)) C Q(n?)
and largest value M,(I) € Q(cmin) C 2(2"). Since MIN-X3C can be solved by enumeration in time
O(n2™) C O(L(I) x M,(I)), it has a VPP algorithm. It cannot, however, have an FPTAS unless

P = NP. Therefore the converse of Theorem 1 is not true unless P = NP. [0



3.1 Regularity Conditions

One way to create an FPTAS is to use a VPP algorithm on a version of the original instance in which
some precision is lost in the objective function by dropping the lower-order bits in the objective
function values. This approach is called scaling. Although solutions to the scaled instances may
not exactly solve the original instance, the resulting loss of accuracy may be acceptable because an
FPTAS need only generate approximate solutions. The key is to find a scaling process that reduces
the running time sufficiently without losing too much accuracy. To circumvent the difficulties
uncovered when using the scaling approach for FPTAS construction, we require that a problem

meet the regularity conditions discussed in this section.

Definition: (Objective Function Scaling) Let f be an r-criteria function and ¢t € Z"*. The

function f scaled by t, written g = | f/t|, is defined by gi(z) = | fi(z)/ti], i =1,...,r.

The following inequalities highlight some properties of scaling which are used later. If v; > 0

and t; > 0, then

v; —t; <t LUi/tiJ < <t L'U'i/tiJ +t; (1)

The idea behind scaling is that one first scales and then applies a VPP algorithm. Unfortunately,
an algorithm that is VPP using the original objective function need not be VPP using the scaled
objective function. Just consider an instance of the restricted version of MIN-X3C scaled by t = 27,
which creates an instance of X3C. Although the former has an VPP algorithm, the scaled instance
does not unless P = NP. To avoid this problem with scaling, the following regularity condition is

imposed.

Definition: (Closure under scaling) A family F of r-criteria functions is said to be closed under

scaling if | f/t] € F for any f € F and any t € Z"+.

Accuracy. Consider what happens when a VPP algorithm is used to solve an instance with a
scaled cost function. Using scale factors that are powers of two is convenient because the loss of

precision can be measured as a number of bits. For some p € Z72, set t; = 2Pi, i = 1,...,r, and

10



let g = | f/t] be a scaled objective function. Let C; be the (exact) solution of the scaled instance
I, = (S,9 = | f/t]). For a given value f(z), we now determine an appropriate value of the vector
p so that C; gives an e-approximation of f(z). Afterward we will see how to extend this approach

to all values of f(z).

By definition, C; contains a point y(x) with g(y) < g(x). In order for f(y) to be an e
L,

approximation of f(z), p must be chosen so that fi(y) < (1 + ¢€)fi(z), i = 1,...,r. Since

9i(y) < gi(z), multiplying through by ¢; and applying Equation 1 shows that f;(y) < fi(z) + ;. So

p; must be chosen so that ¢; < ef;(xz). When ef;(z) > 1, setting

pi = [log(efi(x))] (2)

will guarantee that f;(y) is close enough to f;(z). When ef;(z) < 1, setting p; = 0 and using the
original objective function will work. Setting the value of the scaling vector ¢ in this way ensures

that the solution to the scaled instance will be sufficiently accurate, at least for this particular value

of f(x).

Running time. An FPTAS would have to solve an appropriate scaled instance I; for every
value f(z), or at least for those on the efficient frontier. Rather than consider each value of
f(x) separately, we can address them all by solving an instance I; for each scaling vector ¢ with
components that are powers of 2 up to €M, (I). Specifically, we will solve I; for each vector ¢ with

t; = 2Pi for p; = 0,... ,p*, where p* = max{|log(eM,(I)],0},i=1,... 7.

Son = (14 p*)" is the number of instances that will be solved. Let 7 the maximum time needed

to solve a single instance. If eM,(I) < 1, then n = 1. Otherwise,
1 < (1 +log(eMy(I)))" < (1 + log(e) + log(My (1)))" .

Note that as the required accuracy decreases (i.e., € increases), the number of instances increases.

In order to bound the number of solved instances, if € > 2, it will be replaced by ¢ = 2; no

11



accuracy is lost if a tighter error bound is used. With this modification to the solution scheme,
n < (2+log(M,(1)))" € O([L(I)]*)

for some k; € Z+, because log(M,(I)) < L(I) and r is fixed.

Since the algorithm used to solve the instance I; is VPP for the scaled problem, the maximum
time needed to solve a single instance is 7 € O([L(I;) x M,(I;)]*?), for some ko € Z*. If M, (I;) is
large, then 7 will be large as well. However, instances with large values of M, (I;) are superfluous.

For any z € S, define t; = 2Pi 4 =1,... ,7, as before. Then, keeping ¢’ < 2,

gilx) = Lfi(2)/ti] < filx)/ti = fi(a) /208 FEN < 2/¢ < |4/¢].

This means that scaling to attain a relative accuracy of e allows calculations to be restricted to
objective function values that do not exceed [4/e]. Restricting consideration to instances I; in

which M, (I;) < |4/€'| = p* is therefore sufficient.

Definition: The limits on the values of the objective function values are called box comstraints.
That is, the function f with box constraints M, written g = min{f, M}, is defined by g;(z) =
min{ f;(z), M;}, i =1,...,r.

Since we assumed that the truth of statements like “f;(z) < M;” can be determined in time

polynomial in the size of x and M;, box-constrained functions can be computed efficiently.

An algorithm that is VPP for a problem with box constraints requires less running time than
or the same time as it does for the unconstrained problem, depending if the unconstrained problem
has function values larger than the bound or not. The box constraints are used to avoid spending

too much time solving any particular instance.

Definition: A family F of r-criteria functions is said to be closed under boz constraints if for any

f€Fand any M € Z', min{f, M} € F.

When we restrict the family F of r-criteria functions to be closed under scaling, and further

require F to be closed under box constraints, the time 7 required to solve a particular instance can

12



be no greater that O([L(I;)/€']*2, for some k3 € ZT. The total time required to solve all the scaled
instances is therefore bounded by n x 7 € O([L(I)/€']¥), for some k € Z*. Since ¢ = ¢ or € = 2,

the FPTAS running time requirements are satisfied.

Still, in order to extend the class of problems for which the existence of an FPTAS is guaranteed,
we need to examine a weaker set of regularity restrictions. In particular, the class of additively
separable functions is not closed under scaling or box constraints. The next two definitions, of quasi-
closure under scaling and under box constraints, are just the regularity conditions appropriate for

the class of additively separable functions.

Definition: Let F be a family of r-criteria functions. Suppose that for any f € F and any t € Z",
there is a g € F such that for any z € Z"=:

ift; =1, then g;(z) = fi(z);

ift; > 1, then |[fi(z)/ti] —n+1<gi(z) < [filz)/t:];
for i = 1,... ,r. Then the family F is said to be quasi-closed under scaling and the function g is

called a scaling neighbor of f with respect to t.

Definition: Let F be a family of r-criteria functions. Suppose that for any f € F and any
M € Z™, there is a g € F such that for any z € Z"=:

if fi(z) < M;, then g;(z) = fi(z);

if fi(x) > M;, then M; < g;(z) < min{f;(z),nM;};
fori =1,... ,r. Then the family F is said to be quasi-closed under box constraints and the function

g is called a bozx constraint neighbor of f with respect to M.

Clearly the class of functions closed under scaling is also quasi-closed under scaling and the
class of functions closed under box-constraints is also quasi-closed under box-constraints, but the

reverse is not true.

3.2 FPTAS Sufficient Conditions

We now prove that the quasi-closure conditions and a VPP algorithm are sufficient for the exis-
tence of an FPTAS for a problem with separable objective functions. The method is a quite general
construction based on the VPP algorithm. The FPTAS so derived may not be the most efficient

13



approximation scheme possible; it can typically be improved by adapting it to the special charac-
teristics of the problem. This result is primarily useful if a scaling neighbor and box constraint

neighbor of a function are reasonably easy to find for each f € F.

Theorem 2: Consider an optimization problem II = (E, F, Opt), where F is a class of r-criteria
functions that is quasi-closed under both scaling and box constraints. If IT has a VPP algorithm,

then IT has an FPTAS.

Proof: Suppose that a VPP algorithm A for II is specified. Let I = (S, F) be an n-variable

instance of IT and € > 0. Define

1 .
€ = - min{e, 2},
4
n= ? €r,
p* = |log(¢ My(I))] if €M,(I) > 1, and 0 otherwise,
T = {teZ"" :thereisa p € {0,...,p*}" such that t; =2Pi i=1,... r}.

T is the set of all r-vectors whose components are integral powers of 2 up to €' M, (I). The following

algorithm will be shown to be an FPTAS for II:

1. Determine M, (I) as described. Set C « 0.

2. For each t € T, let g be a scaling neighbor of f with respect to ¢t and let h be a box constraint
neighbor of g with respect to u. Use A to solve the instance I; = (S, h), obtaining the solution
set C;. Set C «+ C U C;.

3. Eliminate redundant entries from C, yielding C’, an e-efficient solution to I.

We first show that the algorithm’s running time is within that allowed for an FPTAS and then

demonstrate its correctness.

Running time: The running time is bounded by the product of the number of instances I; that
are solved and the worst case time to find a Cy. Step 1 can be performed in time O([L(I)]*s), for
some ks € Z1. Step 3 can be performed in time O([|C|]*4), for some k4 € Z7.

14



Let 7 be the number of instances I; that are solved, that is, n = |T| = (1+p*)". If € M,(I) < 1,

then p* = 0 and 7 = 1. Otherwise,
n < (1 +log(¢'M,(I)))" < (2 — log(n) + log(M, (I)))" € O([L(I)]*),

for some ky € Z7, since ¢ < 2, log(M,(I)) < L(I), and r is fixed.

For any t € T, let 7 be the time needed for A to compute Cy. Then,

r € 0 ([L(I) x My(1)]*) € O ([L(T) x [Iulll*?) = 0 (ILD)/€1"),

for some ko, k3 € ZT. Thus, the total time needed by the algorithm is at most, for some k € ZT,
n x 1 € O([L(I)/€'¥). Since ¢ = £ or ¢ = 2, the algorithm runs within the time allowed for an

FPTAS.

Accuracy: For the algorithm to be correct, it has to compute a solution y(z) € C' for each z € S

such that f(y) < (1+¢)f(z) (e-efficient).

For any t € T, the function g satisfies, for x € S:

if t; = 1 then g;i(z) = fi(x), (3)

itt; > 1then |50 ni1<g) < | B0, (@)
and the function h satisfies

if gi(x) < pi then hi(z) = gi(x), (5)

if gi(xz) > p; then p; < hi(xz) < min{g;(x), nu;}. (6)

We will show that for a given & € S, the instance I; defined as follows will add an appropriate y(x)

to the solution set C'. Fori =1,...,r,

t; = ollog(¢'fi(z))] if € fi(z) > 1, and otherwise ¢; = 1.
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In particular, if € f;(x) > 1, then % <t; <€fiz).

The reason to use this value for ¢ is that the box constraints u are redundant when f(z) is

scaled by t. To see this, note that for¢ =1,... ,r,

50| A 2 S

t; -t €

Combining the above results yields g;(z) < w;, thus, h;i(z) = gi(z), and

0] 1 sm < |29

t; t;

Now t € T, so I; is solved in Step 2 and an efficient set of solutions C} is computed. The set
C; therefore contains a point y(z) such that h(y) < h(z). It remains to be shown that y(z) also

satisfies f(y) < (1 + €')f(z). Since € < ¢, this will complete the proof.

Consider any index ¢ € {1,... ,r}. Then
hi(y) < hi(z) = gi(x) < pi;

so hi(y) = gi(y) and
[%”)J —n+1<hi(y) < {%‘QI)J

Consider two cases for the value of € f;(z).

Case 1: € fi(z) > 1. Then

Jghi(y)+n—1§hi(x)+n—1§ {MJ +n—1

{M ti

t;

and so, following the above inequalities,

(]

fz(y) < ti \‘fzt(zy)J + ti < ti \‘fz(I)J + nti < fz(a:) + nti < (1 + HGI)f,(:E) < (1 + G)fz(l‘)
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Case 2: € fi(z) < 1. Then

fi(y) = gi(y) = hi(y) < hi(z) = gi(x) = filx) <A+ €)fix) . O

In summary, an FPTAS can be constructed from a VPP algorithm for any optimization problem
for which the class of objective functions is quasi-closed under both scaling and box constraints. This
results in stronger sufficiency conditions than those stated in Papadimitriou and Steiglitz (1982).

In particular, this is significant when problems with general integer variables are considered.

Much of the literature on approximation schemes only considers binary domains, that is, 0 — 1
problems. The exceptions generally treat non-binary problems by reduction to the binary case, such
as in Ibarra and Kim (1975), Lawler (1979), and Kannan and Korte (1984). A typical reduction
considers the binary representation of the general integer variables; this works for separable linear

objective functions, but not for the more general objective functions considered later in this paper.

The algorithm in the sufficiency conditions of Papadimitriou and Steiglitz (1982), rather than
being VPP, runs in time O([L(I) X Pmaz]**), for some k; € Z*. For a binary domain, this is
essentially the same as a VPP algorithm. For a general integer domain, though, Theorem 2 is
stronger; it guarantees the existence of an FPTAS even if the optimization algorithm uses as much

time as O([L(I) X prmagz X Umaz]*?), for some ko € ZT.

4 Source-To-Tree Network Flow

The Source-to-Tree (STT) Network Flow problem is introduced in this section. This problem
is interesting because it generalizes a wide variety of commonly treated discrete (usually single-
objective) optimization problems. When proving a property (such as existence of an FPTAS) for a
problem, proving it for a more general problem is sometimes easier; we use the STT Network Flow
problem in this way. To this end, a new form of reducibility, VPP reducibility, is defined in the

Appendix.

We start by introducing the problem and presenting a VPP algorithm for a canonical version of

17



it. In the remainder of this section and the next section, we use reduction to explore the boundary

between easy and difficult versions of the problem.

4.1 The Source-To-Tree Network Flow Feasible Set

This section introduces the notation that we will use to describe STT flow networks. Recall that a
generalized network is a network in which the flow that enters at the tail of an arc is multiplied by
an arc-specific constant before it emerges at the head of the arc. Two directed arcs are said to be

anti-parallel if they connect the same pair of nodes but are oriented in opposite directions.

Intuitively, an STT network is an m + 1 node generalized network that satisfies the following
conditions. The subgraph induced by nodes {1, ... ,m} is referred to as the tree part of the network.
The tree part of the network has a special forest-like structure: if each set of parallel and anti-
parallel arcs is combined into a single undirected edge, the result is a forest. Node 0 is a source/sink
node and is adjacent to some other nodes in such a way that the entire graph is connected. Each

node, except the source/sink node, has a demand or supply.

More formally, an STT network is defined by a 5-tuple G = (N, A, u, u,b). The set of nodes
is N ={0,1,... ,m} and the set of arcs is A C N x N. Arcs are directed, and multiple parallel
and anti-parallel arcs are permitted. If only a single arc goes from node v to node w, however, it
may be represented as (v, w) for convenience. The network is connected and the arcs in A have a
particular structure: if the arc directions are removed from the tree part of the network, and each

resulting set of parallel edges is replaced by a single edge, the outcome is a forest.

The vector u (of length | A|) contains the flow capacity u, € Z* for each arc a € A, that is, the
upper bound on the flow allowed on arc a. The vector y lists the corresponding flow multipliers
La € Z2; if flow x enters the tail of arc a, then the flow p,z emerges at the head of the arc. The
vector b specifies the demand b, € Z at each node v € N\ {0}. If b, > 0, then v is a demand node;

if b, < 0, then v is a supply node; otherwise b, = 0, and v is a transshipment node.

Let € ZI41Z be a flow in G. The excess flow into node v, for v € N \ {0}, is the amount by

which the flow into v exceeds the sum of the demand at v and the flow out of v, and can be written
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as

ev(z) = Z Hala — Z g —by .

a€A:a=(w,v) a€A:a=(v,w)
When discussing the excess flow into each node of a set that includes node 0, node 0 is implicitly

excluded from consideration unless otherwise indicated. The flow into node v is called

sufficient  if e,(z) > 0,
deficient  if ey(xz) < 0, or

exact if ey(z) = 0.

A flow z is said to be sufficient, deficient, or ezact if the flow into every node v € N \ {0} has

the corresponding attribute.

Many classes of STT networks are interesting. A class can be identified using a 5-tuple in which

each component specifies one of the following restrictions about the network class.

1. Restrictions on parallel arcs: Parallel arcs may or may not be allowed in the tree part of the
network. This restriction refers to the directed arcs in G, not to the undirected edges mentioned in
the definition of an STT network. Excluding parallel arcs does not preclude the use of anti-parallel

arcs. This restriction does not apply to arcs to or from node 0.

2. Restrictions on arc flow capacities: The arcs of the network can have either unit capacities or

general nonnegative integer capacities.

3. Restrictions on arc flow multipliers: Multipliers can be either unity, as in an ordinary network,

or general nonnegative integers, as in a generalized network.

4. Restrictions on node demands: A network may consist of all transshipment nodes, all demand

nodes, all supply nodes, or a mixture. These restrictions do not apply to node 0.

5. Restrictions on node excesses for feasible flows: A flow may be required to be sufficient, deficient,
or exact, or it may be unrestricted. Note that this is a condition on acceptable solutions, whereas

the previous conditions refer to characteristics of the graph structure.
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In Safer and Orlin (1995b), problem classes are defined using a 5-field “vocabulary” based on
these restrictions, similar to «|8|y in scheduling theory. In the present paper, though, classes are
simply described when they are needed. One class that will be encountered frequently contains
typical generalized networks: no parallel arcs, general flow capacities and flow multipliers, a mixture
of different kinds of node demands, and sufficient flows. In the remainder of this paper we use C to

denote this network.

Definition: A flow z € Z|412 is feasible if it satisfies the restrictions on node excesses for feasible

flows and if, in addition, z < u.

The set of feasible flows for an instance constitutes the feasible set S for that instance; the
integer program that specifies the set is generally not written out explicitly. The collection of
feasible sets S for the networks in a class of STT networks is the family of feasible sets = for an

STT Network Flow problem defined on the class.

In order to specify an STT Network Flow optimization or feasibility problem completely, a
family F of r-criteria objective functions defined on the vectors x of flows must be specified; these
are discussed in the next subsection. For a feasibility problem, an r-dimensional target vector must

be included as well.

4.2 Objective Functions

The problems discussed in the remainder of this paper are distinguished from each other by the
structures of their feasible regions and by their objective functions. This section examines several

objective functions that arise frequently in practice.

Many common objective functions are monotonically increasing or decreasing. A function f :
Z"Z — Z"Z is monotonically increasing or order preserving if for x,y € Z"2, x < y implies that
f(z) < f(y). A function f is monotonically decreasing or order reversing if the function g = —f
is monotonically increasing, and f is monotonic or order monotone if it is either monotonically
increasing or monotonically decreasing. AP,, AR,, and AM, represent the sets of additively-

separable, r-criteria functions that are, respectively, order preserving, order reversing, and order
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monotone.

The necessary and sufficient conditions described in sections 3.1 and 3.2 for the existence of an
FPTAS apply to problems with quite general objective functions. Often, though, VPP algorithms
use dynamic programming, which typically requires separable objective functions; this is so that
the value of the objective function can be determined incrementally by optimizing the value of
one variable at a time. The most common separable objective functions are additively separable,
that is, they can be written as f(z) = Z?:l fi(z;). Functions of the form f(z) = II}_, f;(z;) and
f(z) = min{f;(x;),j = 1,... ,n} are also used. All objective functions used in the remainder of

this paper are additively separable, even when this is not mentioned explicitly.

4.3 Some Simple STT Network Flow Problems and a VPP Algorithm

A network in C (the set of typical generalized networks with sufficient flows defined in Section 4.1) is
said to be in canonical form if a single arc connects node 0 to each other node, each other connected
pair of nodes is connected by a single pair of anti-parallel arcs, and the tree part of the network
is connected. More formally, a network G € C is in canonical form if it satisfies the following

conditions:
1. Vve N\ {0}, A contains a single arc (0,v) and no arc (v,0).

2. The tree part of G is connected. If nodes v and w are adjacent, then A contains a single arc

(v, w) and a single arc (w,v).
The subclass of networks of C in canonical form is denoted by C'.

A tree T, distinct from but related to the tree part of G, is associated with G for the purpose of
describing the VPP algorithm. The tree 7" has nodes {1,... ,m}; nodes v and w of T' are connected
by an arc if and only if nodes v and w are adjacent in G. The directions of the tree arcs are specified

next.

In a postorder traversal of a tree, each subtree of the root is traversed (recursively, in postorder)

and then the root is visited (Knuth, 1973, Johnson and Niemi, 1983). Choose an arbitrary node p
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as the root of T'. Label the nodes according to any postorder ordering with respect to the root p,
representing the label of node v by I(v). In particular, [(p) = n. The VPP dynamic programming

algorithm to be described processes the nodes of N \ {0} in increasing label order.

Direct all the arcs of T' away from p and denote by d, the number of children of node v in T'.
This number is referred to as the outdegree of v. For each node v, let T'[v,j], j=1,...,dy, be the
subtree of T' defined by v, the first j children of v, and all the descendants of those children, where
the children are ordered by label value. That is, T'[v,0] is just the node v and T'[p,d,] = T. Let
GJv, 7] be the subgraph of G defined by node 0 and the nodes of G that correspond to the nodes of

T[v, 5.

Next, a VPP algorithm that solves the feasibility problem on STT networks in canonical form
with sufficient flow (i.e., networks in C’) is presented. For the purpose of stating the algorithm, we

say that a flow z in G is feasible with respect to G[v, j] if it satisfies the following three conditions:

1. The flow into each node of G[v, j], except possibly into node v itself, is sufficient.
2. If (w,w') & G[v,j], then @(y ) = 0.

3. x € ZA> and = < u.

The key component in developing the VPP algorithm is the computation of the maximum flow
into node v over all flows z that are both feasible with respect to G[v, j| and have f(z) = k, for a
given k € Z". This flow is denoted as ©(v, j, k); our interest in this quantity is motivated by the

following lemma.

Lemma 1: Consider the problem I = (C', AP1, Feas), but in which we want to find a solution z
that hits the target value exactly (i.e., with f(z) = M rather than f(z) < M). Let I = (G, f, M)

be an instance of II. Then I has a solution if and only if ©(p,d,, M) > 0.

Proof: We first prove that the existence of a solution z for the instance I implies that ©(p, d,, M) >

0. So let = be a feasible flow. Then,

1. The flow into each node of G[p,d,] is sufficient (including the flow into p).
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2. All arcs are in G[p, d,].

3. € Z42 and < u.

This implies that « is feasible with respect to G|p,d,] and that f(z) = M. Since the flow into

p is sufficient, e,(z) > 0. Given that ©(p,d,, M) is the maximum of a set that contains e,(x) > 0,

it must be the case that ©(p,d,, M) > 0.

In the other direction, suppose that ©(p,d,, M) > 0. This implies the existence of a flow z

that is feasible with respect to G[p,d,] = G and satisfies f(x) = M. Since e, = O(p,d,, M) > 0,

it follows that the flow into every node is sufficient. Therefore z is a feasible flow that solves the

instance I. O

The computation of ©(v, j,k) is described below. The details depend on whether j = 0 or

j > 0. When j =0, ©(v,0, k) can be computed by solving the following program.

G(Ua Oa k) = max [oyLov — bv

Zov

s.t. va(xOv) =k

Zov < Ugy

Ty € zZ>

When j > 0, let w be the j** child of v and solve the following program.

O(v,j, k) = max O(v,j — 1,a) + puwrTwy — Tyw

,3,7,0,Zvw,Two

s.t. @(w, dy, ﬂ) + BowZow — Tww > by

Fow(Tow) =7
Fur(Two) =4
a+pB+y+4 =k

Tyw < Uy

Twu < Uy

@, 3,7, 6, Tow; Twwy €z
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A VPP algorithm to solve this problem is presented as Algorithm 1.

Algorithm 1: The algorithm to solve the canonical STT problem in which the target value must
be reached exactly

fori=1,...,n
Let v be the node with I(v) = ¢
for j =0,...,d,
for k=0,... , M
Compute ©(v, j, k)

if ©(p,d,, M) > 0 then z is the desired solution, else the problem is infeasible

Theorem 3: Algorithm 1 is VPP for the canonical feasibility problem IT = (C’, APy, Feas) in

which we want to find a solution z that hits the target value exactly.
Proof: The proof has two parts: the algorithm’s correctness and its running time.

Correctness: In the case that j = 0, the maximum excess on G[v,0] must be computed. This is
just the subgraph of G induced by the nodes 0 and v, which, because G € C’, contains a single arc
(0,v). The quantity po,Zoy, — by is the excess flow into node v on G|[v, 0] when the flow on arc (0, v)
is zgy. The program specified by equations (7)-(10) maximizes this excess subject to the feasibility

conditions, and so correctly computes O(v,0, k).

In the case that j > 0, the maximum excess on G|v, j] must be computed. Note that the nodes
are considered in increasing label order, the postorder label of a node is greater than the labels of
its children, and the children of a node are processed in increasing label order; therefore the values

of ©(-,,-) that appear in equations (11) and (12) are computed before they are used.

The structure of equations (11)-(18) comes from decomposing the flow in G|v, j] and the value
k into four parts: the flow in G[v,j — 1], with value «; the flow in G[w, d,,], with value 3; and the
flows on arcs (v, w) and (w,v), with values v and §. The total required value of k can be partitioned

this way because additively separable objective functions are used.

The objective function, equation (11), expresses the value of the excess flow into node v, given
the flows on arcs (v, w) and (w,v) and in the first (j — 1) subtrees of node v, and subject to the

flow in G[v,j — 1] having value . This is maximized to determine ©(v, j, k).
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Equation (12) ensures that the flow into node w is sufficient; recall that it need not have
been sufficient in G[w, d,], and anyhow the arcs (v, w) and (w,v) are not in G[w,d,]. The value
contributed by the flow in G[w,d,,] is constrained to be 3. Since equation (12) expresses the

feasibility of the flow, the excess might as well be as large as possible, so ©(w, d,,, 3) is assumed.

Equations (13) and (14) constrain the flow values on arcs (v,w) and (w,v). Equation (15)
ensures that the four parts of the flow add up to k, and equations (16)-(18) are needed to guarantee

feasibility.

So the program specified by equations (11)-(18) determines (v, j, k). The final value computed
by the algorithm is ©(p, d,, M). If the value is non-negative, then Lemma 1 shows that the value of
x found by the algorithm is a solution to the instance. Similarly, if ©(p,d,, M) < 0, then Lemma

1 implies that the instance has no solution. Therefore the algorithm is correct.

Running time: The value of ©(v, j, k) is computed only M x |A| times. The rest of this proof
shows that each computation can be performed in VPP time. This yields the conclusion that the

algorithm runs in VPP time.

A computation with j = 0 requires solving the program expressed by (7)-(10). For a node v,
this can be solved with O(log(ugy + 1)) evaluations of fo,(+) using binary search over possible values

of xg,, because fy, is monotonic and additively separable.

A computation with j > 0 requires solving the program expressed by (11)-(18). Only O(k?)
distinct 4-tuples (e, B,7,0) satisfy equations (15)-(18), so if the program can be solved for each

4-tuple in VPP time, then the entire algorithm will run within the allowed time.

Fix values of «, 3,7, and §. The value of z,,, must satisfy

fow(Tow) = v (19)
Tow < Upw (20)
Tyw € Z7 (21)

Let Ayy and &,y be the smallest and the largest values that satisfy equations (19)-(21); they can be
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found with O(log(uyy + 1)) evaluations of the f,,(-) by binary search. Similarly, the corresponding
values of Ay, and &y for @y, can be found with O(log(uyy + 1)) evaluations of the fu,(-). The

following program yields the optimal values of ,,, and z,, given (a, 3,7, 9).

max Hwvlwy — Tyw (22)
Zyw,;Twv

s.t. HowTow — Twy = by — ®(w7 d’wa ﬂ) (23)

Avw < Zyw < Sow (24)

Aww < Ty < §wv (25)

Toyws Twy € zZz (26)

To see that this program can be solved in VPP time, consider the following cases:

1. pryw = 0: Set Ty = Apw- If Ay > LywZow + O(w, dy, B) — by, then the program is infeasible.

Otherwise, set

LTy = min{ngaﬂ'vwwi + G(w: du, B) - bw}

2. Hwy = Oaﬂvw > 1 Set Ty = Awo- If [bw - G(wadww8> + xwv]/ﬂvw > nga then the program is

infeasible. Otherwise, set,

Tyw = max{)\vw: [bw - G(w, dy, ;B) + xwv]/,uvw}-

3. Myw, wy > 1: Suppose that, in some feasible solution of equations (22)-(26), both Zy, < &vw
and ., < &ywy- Incrementing each variable by one would yield a new solution with objective value
at least as good as the value of the previous solution. Therefore, attention can be restricted to

solutions in which at least one of these variables is at its upper bound. Each case is considered and

the one with the largest objective function value is used.

() Ty = Epw: Set Ty as in case 1.

(b) Ty = Ewv: Set x4y, as in case 2.

O
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Apply Lemmas A3 and A4 (in the Appendix) to Theorem 3 in order to conclude that the
optimization problem corresponding to the canonical feasibility problem IT = (C', AP;, Feas) in

which we want to find a solution = that hits the target value exactly has an FPTAS.

Corollary 1: The optimization problem (C', AP;,Opt) in which we want to find all possible

function values has an FPTAS.

4.4 Using Reduction

The previous section presented an explicit VPP algorithm. Appendix A describes VPP reductions
between problems which allow us to establish the existence of an FPTAS without explicitly spec-
ifying the algorithm. The reductions can also be used to show that problems do not have a VPP

algorithm—that they are difficult. We use reductions to generalize the previous results from C’ to

C.

Lemma 2: Let II = (C, AP;, Feas) be an STT problem in which we want to hit the target
value exactly and I’ = (C’, AP, Feas) be the same problem on canonical-form networks. Then

II =VPP HI.
Proof:
IT" xypp I : C' C C, so the identity mapping is a reduction from II' to II.

Il «cypp I' : Let I = (S, f, M) € II be given, where S is defined by a graph G = (N, A, u,u,b) € C.
Define I' = (S', f', M) € II', where S’ is defined by the graph G' = (N', A"/, u',¥') € C'. The

graph G’ is the same as G, except as follows:
1. (Eliminate arcs into node 0) For each arc a = (v,0) € A:

(a) Delete arc a from A’.
(b) Add a node w, to N’ with b, = 0.

(c) Add an arc @’ = (v, w,) to A" with ug' = Uq, pa' = fia, and f] ,i(Tar) = f1,a(Ta’)-

2. (Eliminate parallel arcs from node 0) For each node v € {1,... ,m}, if the graph contains multiple

arcs from node 0 to node v, do the following steps for all but one of the arcs. Let a = (0,v) be the

27



arc on which the steps are performed.

a) Delete arc a from A'.

(

(b) Add a node w, to N’ with b, = 0.

(c) Add an arc o’ = (0, wg) to A’ with uy = uq, e =1, and fi o (ze) = 0.
(

d) Add an arc " = (w,,v) to A" with ugr = ua, per = fia, and fi u(zer) = fi,a(zaen).

3. (Guarantee an arc from node 0 to each other node) For each node v € N such that arc (0,v) ¢ A:

Add an arc o’ = (0,v) to A’ with ug =0, pe =1, and f] ,(zar) = 0.

4. (Guarantee pairs of anti-parallel arcs) For each arc (v, w) € A such that arc (w,v) ¢ A: Add an

)
arc a’ = (w,v) to A" with ugr = 0, =1, and f ,(zar) = 0.
5. (Guarantee connectedness) If the subgraph of G induced by nodes {1,... ,n} is not connected:

(a) Add a node w to N’ with b,, = 0.
(b) Add pairs of arcs @’ = (v,w) and a” = (w,v) to A, with uy = ugr = 0, pgr = per = 1, and

f {’a, (za) = f],_,au (zq7) =0, to at least one node v in each component of the subgraph.

For each arc a that is in both A and A', define f] ,(z4) = f1,a(2q); then f' € AP;. By
construction, G’ € C'; furthermore, G’ can be constructed in VPP time, and L(I) is polynomial in
L(I"). The reduction consists of constructing G’ and solving I’ as described in the previous section.
This yields a solution of I directly using the correspondences described in the construction of G'.

O
Theorem 3 and Lemma, 2 together with Lemma A3 in the Appendix yield the following corollary.

Corollary 2: The feasibility problem (C, AP1, Feas) in which we want to hit the target exactly
has a VPP algorithm and the corresponding optimization problem (C, APy, Opt) in which we want

to find all possible function values has an FPTAS.
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5 Easy Problems and Hard Problems

Many problems can be defined on STT networks. This section explores the boundary between
“easy” and “hard” problems. The easy problems are those for which an FPTAS exists; the hard

problems are those for which no VPP algorithm can exist unless P = N P.

The proofs of hardness use the Subset Sum problem, which is N P-complete (Garey and Johnson,

1979).

Subset Sum

Instance: (n,V,v). The number of items n; the target sum V; and the sizes v;,j = 1,... ,n, are
positive integers such that v; <V, j=1,... ,n.

Question: Is there a set S C {1,... ,n} such that >, gv; =V ?

Theorem 4: Consider a set of STT networks C; that contains parallel arcs, general flow capacities,
unit low multipliers, transshipment nodes, and sufficient flows. Let Cy be a similar set of networks
except with deficient flows. Let II; = (Cy, AP1, Feas) and IIy = (Cs, AP1, Feas) be problems in
which we want to hit the target value exactly. Then neither II; nor II; has a VPP algorithm unless

P=NP.

Proof: The theorem will be proved by reducing Subset Sum to each of the STT problems in such
a way that a VPP algorithm for one of the latter would yield a polynomial-time algorithm for the
former. The problems need not be multi-objective—the single objective versions are sufficient for

the proof. Since Subset Sum is N P-complete, such VPP algorithms cannot exist unless P = NP.

First consider the problem II;. Given an instance (n,V,v) of Subset Sum, construct an STT
network G = (N, A,U,u = 1,b) as follows. The set N has three nodes, and both non-source nodes

are transshipment nodes; that is, N = {0,1,2}, with b = bs = 0. The arcs are described in the
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following table:

J Arc | Capacity | Multiplier | Value f;(x;)

1,...,n{(1,2) vj 1 2n+2 ifx; =v;
2 if0<z; <vj

0 iij:O

n+1 |(0,1) 14 1 0

n+2 | (2,0 14 1 1 ifz;=V

0 otherwise

The objective function is f(x) = Y747 f;(z;). Since the flows into nodes 1 and 2 are sufficient, the

total flow on arcs 1 through n must be exactly V. So the instance of Subset Sum has a solution if
and only if at least one instance of (G, f,k(2n +2) + 1), k = 0,... ,n, of II; has a solution, and
the solution to any of these instances immediately yields a solution to the instance of Subset Sum.
Furthermore, a VPP algorithm for the STT problem is polynomial-time in the size of the Subset

Sum problem.

The proof for the deficient flow case is similar, except that the objective functions on arcs n+ 1

and n + 2 are interchanged. UJ

5.1 Exact Flows

This section considers problems in which the flows must be exact, that is, the excess flow into each
node must be zero. Theorem 5 identifies some such problems that can be solved by an FPTAS.
Theorems 6 and 7 show that this result cannot be extended to graphs with both supply and demand

nodes or to problems with objective functions that are not order-preserving.

Theorem 5: Let C; be a set of STT networks with no parallel arcs in the tree part of the network,
general flow capacities, unit flow multipliers, only demand nodes (i.e., b > 0), and exact flow
requirements. Let Cy be a similar set of networks but with only supply nodes (i.e., b < 0). Let
I, = (C1, AP,,Opt and Iy = (C2, AP,,Opt for some r € ZT. Then II; and Il each have an
FPTAS.
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Proof: Consider the problem IIy. Define the STT network feasible set C3 to be the same as C;
but with sufficient flows and the problem II3 = (C3, AP,, Feas). Note that C3 C C, so II3 has an

FPTAS. Next, we prove by reduction that Iy <y pp II3.

Suppose that an instance I; = (S, f) € II; is specified, where S; € C; is defined by a graph G.
Let S5 € C3 also be defined by G and define the instance I3 = (Ss, f, M) € I3 for any M € Z"*.

Consider any flow x that solves I3. This flow can be decomposed into flows around circuits and
flows on chains (simple directed paths) from supply nodes to demand nodes (see Ford and Fulkerson,
1962, or Ahuja, Magnanti, and Orlin, 1993). Suppose that the flow around some circuit in such
a decomposition is non-zero; since f is order-preserving, no component of the objective would be
made worse by eliminating the flow around the circuit. So the circuits in the decomposition can be

assumed to have zero flow.

All nodes except node 0 are demand nodes, so all chains in the decomposition are from node 0
to another node. For each node v with positive excess, that is, e,(z) > 0, consider the chains from
node 0 to node v. Reducing the flow on one or more of these chains yields a flow z’ with e,(z') = 0.
As with the circuits, no component of the objective function will be made worse by reducing the
flow in this way. Reduce the flow in this way for each node to obtain an exact flow z. The flow &

solves I; so II; xypp Il3.
The proof for I, is substantially the same. O

A stronger version of Theorem 5, which addresses simultaneous minimization in some criteria
and maximization in others, is proved in Safer and Orlin (1995b). The next theorem shows that
requiring an exact flow in a network that contains both supply and demand nodes results in a hard

problem, even in the case of a single objective function.

Theorem 6: Let C; be a set of STT networks with no parallel arcs, general flow capacities, unit
flow multipliers, both supply and demand nodes, and exact flow requirements. Then no VPP

algorithm exists for the feasibility problem II = (C;,.AP1, Feas) unless P = NP.

Proof: The proof is by reduction of Subset Sum to II.
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Given an instance (n,V,v) of Subset Sum, construct an STT network G = (N, A, u, u,b) as
follows. The set N has n + 2 nodes {0,1,... ,n,n + 1}. It has a node j for each item, with supply
bj = —vj, j =1,... ,n. Node (n + 1) has demand V, that is, b,y1 = V. The set A has 2n arcs,
two originating at each node j: a; = (j,0) and 8; = (j,n+1), j =1,... ,n. Arcs o and §; have
capacity vj, and the objective function g(zy) = 1 for z; > 0, and zero otherwise. The objective

function f(z) = 37 1[9(za,) + g(zp;)] is order-preserving.

It is clear from the construction that an instance of Subset Sum has a solution if and only
if the instance (G, f,n) of II has a solution, and that a VPP algorithm for the STT problem is

polynomial-time in the size of the Subset Sum instance. O

The next theorem shows that if we try to maximize criteria that are monotonically increasing
on networks that contain only transshipment nodes, then the corresponding exact flow feasibility

problem is hard even for a single objective.

Theorem 7: Let C; be an STT network with no parallel arcs in the tree part of the network,
general flow capacities, unit flow multipliers, only transshipment nodes (i.e., b = 0), and exact flow
requirements. Then no VPP algorithm exists for the problem II = (C;, AP1, Feas) in which we

want to maximize the value of the objective function unless P = NP.
Proof: The proof follows from a direct reduction from Subset Sum.

Given an instance (n,V,v) of Subset Sum, an STT network G = (N, A, u, u, b) is constructed
as follows. The set N has n+ 2 nodes {0,1,... ,n,n+1}. All nodes are transshipment nodes, that

is,b;=0,j=1,...,n+ 1. The set A has 3n + 1 arcs that are described in the following table:

Arc Capacity | Multiplier | Value fi(z)

(0, 7), j=1...,n v; 1 0

(4, 0), j=1,...,n v 1 1 if xp = vy

(jyn+1), j=1,...,n 0 otherwise

(n+1,0) 14 1 1ifa,=V
0 otherwise
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The objective function f(z) = > ,c4 fr(zx) is order-preserving (with respect to minimization).
However, if we are maximizing the objective function, then from the above construction, the instance

(G, f,n + 1) of II has a solution if and only if the Subset Sum instance has a solution. [J

6 STT Networks for Some Well-Known Problems

This section summarizes the implications of the above results about STT Network Flow problems
for some well-known discrete optimization problems. In each case, the correspondence is shown by
indicating the appropriate STT network structure. The problems treated in this section include the
Arborescent Knapsack problem, the Partially-Ordered Knapsack problem, and the Maximum and
Minimum Job Sequencing with Due Dates problems. The next section examines some production

planning problems in more detail.

6.1 The Aborescent Knapsack Problem

In the Aborescent Knapsack problem, items are grouped into sub-knapsacks, or stuffsacks. Stuff-
sacks may be nested within other stuffsacks and each stuffsack has its own capacity bound. The
structure is called aborescent because the “nested within” relationship on the stuffsacks can be

represented by a directed tree, or aborescence. We start by defining the arborescent property.

Definition: A collection of sets B = {Bj,..., B} is called arborescent if for each pair i,j €
{1,... ,m}, with i # j, one of the following relations holds: B; C B;j, B; C B;, or B;NB; =0. B

is sometimes called a collection of stuffsacks.
The Aborescent Knapsack feasible set may be defined formally as follows:

Integer Aborescent Knapsack Feasible Set

Instance: (n,m,B,V,v,u). The number of items n and number of stuffsacks m are non-negative

integers. The collection of stuffsacks B is an aborescent collection of m sets B; C {1,... ,n},i =
1,...,m, with B, = {1,...,n}. The stuffsack volumes V;, ¢ = 1,...m; the item volumes vj,
J =1,...,n; and the item quantity upper bounds u;, j = 1,... ,n; are non-negative integers such
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that if j € B;, thenv; <V;,i=1,... ,m,j=1,... ,n.

Feasible Set: S(n,m,B,V,v,u) is the set of all z € Z™* that satisfy the following constraints:
D Ui

JEB;
:L‘jS Uyj, j=1,... , .

IN

Vi, i=1,...,m

The nesting property of the sets B; gives the multiple constraints a special structure that allows the
Aborescent Knapsack problem to have an FPTAS, despite the difficulty of the Multi-Dimensional
Knapsack problem, of which it is a special case. An FPTAS that uses O(n3/¢?) time for the binary
version of this problem with a single linear, additively-separable objective is presented by Gens and
Levner (1979). Results in this paper generalize the result of Gens and Levner to the integer case,
in which an item may appear more than once in the knapsack (up to u; copies of item j may be

used). In addition, the present results accommodate multiple criteria.

We present a VPP reduction from the Integer Aborescent Knapsack Feasible Set problem to a

special case of the STT Network Flow problem and state a resulting corollary.

Let II; = (¥, AM(r), Feas) be the Integer Arborescent Knapsack problem, where ¥ is the
collection of Integer Aborescent Knapsack feasible sets and » € Z*. Suppose an instance I; =
(S, f, M) of I1; is given, with S = S(n,m,B,V,v,u). Assume that the sets B; are “topologically”
ordered, so that B; C By implies that ¢ < k; such an ordering can be found quickly (Ahuja,

Magnanti, and Orlin, 1993). Define the “first containing set” function ¢ for items by

¢(j) =min{k:j € By}, j=1,...,n

and a similar function o for sets by o(i) = min{k : B; C By}, ¢ =1,... ,m — 1, and o(m) = 0.

Let C2 be the set of STT networks with no parallel arcs in the tree part of the network, general
flow constraints, general flow multipliers, all transshipment nodes, and deficient flow requirements,
and let IIy = (Cy, AM,, Feas). Define an instance Iy = (Cs, f', M) of IIs, where C5 is defined by
an STT network G = (N, A, u, u,b). The set N has (n+ m+ 1) nodes: a node a; corresponding to
each item j, a node §; corresponding to each stuffsack ¢, and node 0. All nodes are transshipment
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nodes. The set A has (2n + m) arcs described in the following table:

Arc Capacity | Multiplier | Value f; (zy)
(0, a5), j=1,...,n u; v; fi(z))
(@j,B4())s 3=1,...,n ViU, 1 0
(Bi, Boiy), i=1,...,m| Vi 1 0

If I; has a solution: Suppose that x is a feasible solution to I;. One feasible solution to I is shown

in the following table:

Arc Flow
(0, o), i=1...,n |z
(aj,ﬂ¢(j)), J=1...,n |vjz;
(,Bi,ﬁa(i)), i=1,...,m Z VT
JEB;

This is a feasible flow that has the same objective function value as does the solution of I;.

If I has a solution: Suppose that y is a feasible flow for I3 and consider the following assignments

for the knapsack variables:

xj:yoajaj:]-a"'an (27)

The capacity constraints on arc (0, a;) guarantee that x; < u;, j =1,... ,n. It will be shown, by
induction, that > jeB; Viti < YBiByyr 1 =1, s Then from the capacity constraints on the arcs
(Bi, Bo(iy) it follows that ) jen; Vi®j < Vi, so @ is a feasible solution for I; with the same objective

function as y has in I.

1=1:

Z VT = Z VjYoa; < Z Yo;Byjy = Z Yaip1 < YB1Bya)

jE€B1 j€EB1 JEB1 jEB1

The first equality follows from (27), the inequality from the nodes’ deficient excess, and the equality
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from topological ordering, leading to the last inequality based on deficient excess at node f.

1> 1: Zvjxj = Z v]a:]—k Z Zv]x]

JEB; Jj:p(3)=t k:o(k)=ijEB
S D Vst D D vie
J:g(4)=1i k:o(k)=i jEB
< D Vamt DL D s
J(g)=i k:o(k)=i jEBy
< YBiBow)

The aborescent network structure gives the first equality. The first inequality follows because the
nodes have deficient excess. The next inequality is obtained by induction and the last one is true

because node (; has deficient excess.

Corollary 3: The Integer Aborescent Knapsack multi-criteria optimization problem with only

order-monotone criteria has an FPTAS.

6.2 The Maximum Job Sequencing with Due Dates Problem

A special case of the Aborescent Knapsack problem is the Triangular Knapsack problem, in which
the stuffsacks are nested sequentially. More precisely, the Triangular Knapsack problem is an
Aborescent Knapsack problem in which m = n and B; = {1,...,i}. One reason for interest in
this problem is that a common scheduling problem can be formulated as a Triangular Knapsack

problem. Details about related scheduling problems can be found in Graham et al. (1979).

In the Max Job Sequencing with Due Dates problem, a set of independent jobs must be scheduled
on a single machine. Those completed by their due dates earn a profit, but those completed late
earn nothing; the objective is to earn as much as possible. This can be described more formally as

follows:

Max Job Sequencing with Due Dates (Max JSD), Version 1

Instance: (n,p,t,d, K). The number of jobs n; the profits p;, j = 1,... ,n; the execution times t;,

J =1,...,n; the due dates d;, j = 1,... ,n; and the minimum profit target K; are non-negative
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integers such that ¢; <d;, j=1,... ,n,and d; < dj1,j=1,...,n— 1L

Question: Is there a schedule of jobs with total profit at least K, in which job j earns profit p; if

the job is completed before time d; and earns 0 profit otherwise?

An FPTAS that runs in time O(n2/e) for this scheduling problem is described in Sahni (1976,
1977). To see that this problem can be formulated as a Triangular Knapsack problem, recall that
the profit is independent of the order in which the jobs are performed, and depends only on the
relationship of the finish times to the due dates. The set of optimal schedules must therefore include
at least one schedule in which all jobs that are completed on time are performed before those that
are finished late; so the search for an optimal schedule can be restricted to schedules of this kind.
Define the variables z;, j = 1,... ,n, by ; = 1 if job j is completed on time, and z; = 0 otherwise.

The Max JSD problem can then be formulated as:

Max Job Sequencing with Due Dates (Max JSD), Version 2

Instance: (n,p,t,d, K). The number of jobs n; the profits p;, j = 1,...,n; the execution times t;,
J = 1,...,n; the due dates d;, j = 1,... ,n; and the minimum profit target K; are non-negative

integers such that ¢; <d;, j=1,... ,n,and d; < dj1,j=1,...,n— 1L

Question: Is there an z such that

n
Y. pimp 2 K
i=1

J
Z tyrr < dj, i=1...,n
k=1

m

Zg {0,1}, jzl,...,n

This has the form of a Triangular Knapsack problem. The results from the previous section imply

the existence of an FPTAS for the multi-criteria form of this problem.

6.3 The Minimum Job Sequencing with Due Dates Problem

A different version of the Job sequencing with Due Dates problem is the one where jobs are assessed
penalties if they finish late. In this case the objective is to minimize the sum of the penalties and the
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problem is called the Min Job Sequencing with Due Dates (Min JSD) problem. An O(n?logn+n2/¢)
FPTAS for this problem is described by Gens and Levner (1979).

The Min JSD problem is not just a trivial variant of the Max JSD problem, because the
complexities of approximating the solution of the minimization problem and the corresponding
maximization problem can be quite different. Nevertheless, the approximation schemes of Gens
and Levner (1979) are derived by reducing the Min JSD problem to the Min Arborescent Knapsack
problem. The variables are the complements of those used in the Max JSD problem, i.e., y; = 1 if

job j is completed late, and 0 otherwise. The problem can be formulated as follows:

Min Job Sequencing with Due Dates (Min JSD), Version 1

Instance: (n,p,t,d, K). The number of jobs n; the penalties p;, j = 1,... ,n; the execution times ¢;,
J =1,...,n; the due dates d;, j = 1,... ,n; and the maximum penalty target K; are non-negative
integers such that ¢; <d;, j=1,... ,nand d; <dj11,j=1,...,n— L

Question: Is there a y such that

n
> piys < K
Jj=1
J
tk(l_yk) < dj; .721, v
k=1
Yy; € {Oal}a J=1...,n,

which is a Triangular Knapsack problem. Setting d;- = i:1 ty — d; allows the Min JSD problem

to be formulated as a knapsack covering problem:

Min Job Sequencing with Due Dates (Min JSD), Version 2

Instance: (n,p,t,d, K). The number of jobs n; the penalties p;, j = 1,... ,n; the execution times t;,
Jj=1,...,n; the due dates d;, j = 1,... ,n; and the maximum penalty target K; are non-negative

integers such that ¢; <d;, j=1,... ,n,and d; < dj1,j=1,...,n— 1L
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Question: Is there a y such that

n
> by < K
j—1

J
k=1

m

Yy {071}7 J=1...,n,

This is a Binary Aborescent Knapsack Covering problem. The previously known results for the
Min JSD problem can therefore be generalized to guarantee an FPTAS for the Integer Aborescent

Knapsack Covering problem with multiple criteria.

6.4 The Partially-Ordered Knapsack Problem

Another special case of the Multi-Dimensional Knapsack problem whose structure allows for the
existence of an FPTAS is the Partially-Ordered Knapsack problem. In this variant, items must
be chosen in accordance with specified precedence constraints. Such a constraint requires that, for

instance, if an item j is selected, then another specified item ¢ must also be selected.

Requirements of this nature are quite common. For example, a manufacturer must decide
which items to produce in fixed time period, but must produce the components for certain complex

assemblies before producing the assemblies themselves.

Precedence constraints define a partial order “~»” on the set of items; if item 7 must be selected
whenever item j is selected, then i ~» j (read i precedes j). A partial order ~» can be represented
by a directed graph G(~») = (N, A); N contains a node for each item, and for each i,j € N, A
contains arc (i,7) if and only if ¢ ~» j. We assume that the graph G(~) is acyclic and connected.

Several kinds of partial orders are particularly interesting.

Definition: A partial order ~ is a tree partial order if the undirected version of G(~>) is a tree. A
tree partial order is an in-tree partial order if for some “root” node in G(~~), all arcs point toward

the root; it is an out-tree partial order if all arcs point away from the root.
The feasible set for the Partially-Ordered Knapsack problem is defined as follows.
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Partially-Ordered Knapsack Feasible Set

Instance: S(n,V,v,~>). The number of items n; the knapsack volume V; and the item volumes
vj, j = 1,... ,n; are non-negative integers such that v; <V, j =1,... ,n. The partial order ~ is

defined on the set of items {1,... ,n}.

Feasible Set: S(n,V,v,~) is the set of all x € Z™Z satisfying

n
Z vizg; < V
Jj=1

T > T i,7=1,...,n, such that ¢ ~ j

m

{0,1} j=1,....n

Zj

The Partially-Ordered Knapsack problem with a single criterion of the form Z?:l pjx; is strongly
N P-hard when general partial orders are allowed, but can be solved in pseudo-polynomial time when
only tree partial orders are allowed (see Garey and Johnson, 1979). A PTAS for the maximization
form of this single-criterion problem, restricted to in-tree partial orders, is described in Ibarra and
Kim (1978); it runs in time O(n?*'/¢/¢). The algorithm of Ibarra and Kim (1978) is also applied
to the minimization form of the problem in which the knapsack constraint is of the covering type

and the precedence constraints form an in-tree partial order.

Johnson and Niemi (1983) contains several stronger results: an O (n?/e? 4+ n?log(P*)) FPTAS
is presented for out-tree partial orders and an O(n?®/¢) FPTAS is given for the in-tree case, where
P* is the optimal value. The following theorem generalizes the results of Johnson and Niemi (1983)

by allowing multi-criteria objective functions and general tree partial orders.

Theorem 8: Let ¥ be the collection of feasible regions for the Partially-Ordered Knapsack problem
with general tree partial orders. Then the problem (¥, AMr),Opt), for any r € Z*, has an
FPTAS.

Proof: The standard dynamic programming approach can be used to solve the STT Network Flow
problem (¥, AP1,Opt) in VPP time; see Johnson and Niemi (1983) for details. The rest follows

by using VPP reduction. O
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Reversing the constraints that define the feasible region produces a Partially-Ordered Knapsack
Covering problem with precedence constraints the reverse of those in the original problem. Note
that if the original precedence constraints form a tree partial order, then the reversed constraints
also form a tree partial order. If the original precedence constraints are reversed before the covering
transformation is applied, then a covering problem with the original precedence constraints results.
The following conclusion is therefore valid, even though not all the original constraints are reversed

to pose the covering form of a Partially-Ordered Knapsack problem.

Corollary 4: The Partially-Ordered Knapsack Covering problem with general tree partial orders
has an FPTAS.

7 Production Planning Problems

The production planning problem considered here is a capacitated, single-commodity, dynamic lot
sizing problem. That is, a facility manufacturing a single product has to satisfy known integer
demands over a planning horizon of n periods. Demand may be backlogged and time-dependent
manufacturing capacities are specified. The object is to determine how many units, if any, to
produce each period in order to minimize the (possibly non-linear) costs of production and inventory

storage over a finite horizon.

Given demands d;, production capacities c;, and production quantities z;, define the following
quantities at the end of each period j: D; = Zgzl d; (cumulative demand), C; = Z{Zl ¢ (cumu-
lative capacity), X; = Zgzl z; (cumulative production), and I; = X; — D; (inventory at the end

of period j). The feasible set for this problem is defined as follows:

Capacitated Single Commodity Dynamic Lot Sizing Feasible Set

Instance: (n,d,c,s,t). The number of periods n; the demands d;, j = 1,...,n; the production
capacities ¢j, j = 1,... ,n; the inventory capacities s;, j = 1,... ,n; and the backordering capacities
tj, 7 = 1,... ,n; are non-negative integer such that D; < Cj, j =1,... ,n.
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Feasible Set: S(n,d,c) is the set of all z € Z"Z satisfying

z; < ¢, jJ=1, , N
I, < s, j=1, , N
I, > —t;, j=1,...,n
Iy =0
I, =0

The assumption that D; < Cj is necessary and sufficient for the feasible set to be nonempty (Florian
and Klein, 1971). The constraints Iy = 0 and I, = 0 are convenient but can be removed without

loss of generality.

The cost functions typically used with this problem are:

pj(x;)  cost of producing x; units in period j,
h;(I;) cost of holding I; units in inventory at the end of period j, and

bj(I;)  cost of backordering I; units in period j.

This is an important problem that has received a lot of attention in the literature. Florian et
al. (1980) and Bitran and Yanasse (1982) provide snapshots of the state-of-the-art with regard to
known complexity results for variants of this problem. Linear production and holding costs and
time-dependent setup costs are handled by an algorithm in Baker et al. (1978); it runs in time
O(n3Dy, + nD,Cy). A modification that allows time-dependent capacities and backlogging and
runs in time O(n*D,, + n?D,,C,) is described in Florian et al. (1980). The performance of various
heuristics is studied in Bitran et al. (1984) and Bitran and Matsuo (1986), and an FPTAS for a

continuous-time problem appears in Gavish and Johnson (1990).

The time bounds for previous algorithms for the problem considered here, although pseudo-
polynomial, are not VPP. This means that none of them can be directly converted into an FPTAS
in the manner described earlier, with the exceptions of the FPTAS presented in Dada and Orlin
(1981). More recently, van Hoesel and Wagelman (2001) have presented a new FPTAS for this

problem.

42



In the theorem below, we show that the multi-criteria Capacitated Single-Commodity Dynamic
Lot Sizing problem has an FPTAS. It therefore also has a VPP algorithm which, for some situations,

may be preferable to the pseudo-polynomial time algorithms already known.

Theorem 9: Let ¥ be the collection of Capacitated Single-Commodity Dynamic Lot Sizing feasible
sets. The problem (¥, AM,, Opt), for any r € Z*, has an FPTAS.

Proof: Let II; = (¥, AM,, Feas) and Il = (C, AM,, Feas), where the feasible set Cy is an STT
network with no parallel arcs in the tree part of the network, general flow capacities, unit flow
multipliers, only demand nodes, and exact flow requirements. We show a reduction IT; xxypp IIs.

The FPTAS result follows from Lemma A4 and Theorem 5.

Suppose that an instance Iy = (S, f, M) of II; is given, with S = S(n,d,c). The objective
function f is the sum over the decision time periods of the functions p;, h;, and b; described above.
Define an instance Is = (Cs, f, M) of Iz, where C is defined by an STT network G = (N, A, u, u, b).
The set N has (n+ 1) nodes: a node f3; corresponding to each period j, with demand d;; and node

0. The set A has (3n — 2) arcs that are described in the following table.

Arc Capacity | Multiplier | Value
(0, Bj), j=1,...,n cj 1 pj(z0,5)
(Bj;Bj+1), j=1...,n=1| sj 1 hj(@jj+1)
(Bj+1,085), i=1,...,n—1 t 1 bi(zj+1;)

The production in period j corresponds to the value zg;, and the cost of a production schedule is
the same as the cost of the corresponding flow in C5. The reduction associates a solution of I; with

a solution of I> that has the same objective function value. [

8 Summary

This work has introduced a new framework in which to consider the solution of multi-criteria
combinatorial optimization problems. Since finding the entire efficient frontier can be difficult, the

approach taken here has been to approximate it.
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Necessary and sufficient conditions for the existence of fully polynomial time approximation
schemes were motivated and proved. These conditions, when restricted to the single criterion case,
are more specific than the previously known results. The results necessitated the specification of
the regularity conditions of closure under scaling and closure under box constraints. Besides being
technically necessary for the proofs, the former condition is a real concern in practice and the latter
does not sacrifice any substantive generality. These conditions were generalized to the quasi-closure

form so that additively separable objective functions can be handled.

Next, the STT Network Flow problem was introduced; this problem generalizes a wide variety
of commonly-studied combinatorial optimization problems. A VPP algorithm for solving a simple
version of this problem was demonstrated and then used to show that the problem has an FPTAS.

The boundary between easy and hard problems on ST'T networks was then explored in some detail.

The computational complexity of finding approximate solutions to several problems that arise
frequently in applications was also studied. For instance, the previously known FPTAS for the
binary case of a single-criterion Aborescent Knapsack problem was generalized to the integer case
with multiple criteria. An FPTAS for the covering form of this problem was also demonstrated.
Machine scheduling problems such as Max Job Sequencing with Deadlines and Min Job Sequencing
with Deadlines were cast in this framework, with FPTAS approaches to the multi-criteria cases.
An FPTAS for the multi-criteria form of the Partially-Ordered Knapsack problem with general tree
constraints was also shown, generalizing the previously known single-criterion results. A covering
form of this problem was also shown to have FPTAS. Finally, The Capacitated Single Commodity
Dynamic Lot Sizing problem was considered. By reducing this problem to an STT Network Flow

problem, the existence of an FPTAS was demonstrated.
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Appendix A: VPP Reductions

When proving that a problem has an FPTAS, reduction between problems can be used to avoid
having to explicitly demonstrate a VPP algorithm. This appendix introduces a new kind of reduc-
tion that is appropriate to discussions of the existence and non-existence of VPP algorithms and

FPTAS:s.

Definition A1l: A problem II VPP reduces to problem II', written II ocypp I, if there is an
algorithm A for II that uses as a subroutine an algorithm A’ for II', such that if A’ is a VPP

algorithm then A is a VPP algorithm.

Algorithm A is called a VPP reduction of II to IT'. If both IT xypp II' and I’ oy pp II, then

IT and ITI' are VPP equivalent, written Il =y pp II'.

Proving that Problems are Easy Using VPP Reductions

This section shows how to use VPP reductions to clarify the difficulty of solving specific problems.
VPP reduction can be used to simplify a proof that a problem has an FPTAS and it can also be
used to show that a problem is difficult. The following lemmas express simple relations between

problems with respect to VPP reducibility.

Lemma A1l: Let ¥ be a family of feasible sets. Suppose that F and F' are families of r-criteria

functions such that F C F'. Then (¥, F, Feas) xypp (¥, F', Feas).

The next lemma shows that achieving a target value exactly is at least as difficult as finding a

value between the target and the efficient frontier.

Lemma A2: Let ¥ be a family of feasible sets and F a family of r-criteria functions that is
quasi-closed under box constraints. Let IT = (U, F, Feas) be a feasibility problem and II= be the

same problem in which the target value must be achieved exactly. Then IT cypp II=.

Proof: Given I = (S, f, M) € II, let g € ¥ be a box constraint neighbor of f with respect to M.
So for all z € S, ||g(z)|| < nM.
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Define H = {M' € Z™" : M' < nM}. If I has a solution z € S, then g(z) € H. Since
|H| = (n x ||M]|| + 1), a VPP reduction consists of solving the instance I~ = (S, g, M') € II~ for

each M' € H until a solution z is found that also solves I. O

A feasibility problem is sometimes easier to work with than an optimization problem, as the
former can be solved by finding a single point. Proofs about optimization problems can often be

simplified by using the following lemma.

Lemma A3: Let ¥ be a family of feasible sets and F a family of r-criteria functions that is

quasi-closed under box constraints. Then (¥, F, Feas) =ypp (¥, F, Opt).
Proof: Let Iy = (¥, F, Feas) and IIp = (¥, F,Opt).

Iy xypp Ho: Let Ir = (S, f, M) € Ily and g € ¥ be a box constraint neighbor of f with respect
to M; so Ip = (S,g) € Ilp. A solution set Cop for Ip contains at most (n X ||M|| + 1)" points. At
least one of these points solves I, if Ir has a solution. So a VPP reduction consists of solving Ip

and examining members of Cp until a solution to I is found.

IIp xypp Op : Let Ip = (S, f) € Ilp, and define the set of target vectors

H={M¢eZ":||M| < Mo}

so |H| = (My(Ip)+1)". For each target vector M € H,let Cr(M) be the solution to (S, f, M) € Iy,
and define Cp = UpregCr(M). The solution to Ip is a subset of Cr. A VPP reduction consists of

solving (S, f, M) for each M € H and eliminating unneeded elements from Cp. O

Corollary A1: Let ¥ be a family of feasible sets and F and F’ families of r-criteria functions that
are quasi-closed under box constraints and satisfy F C F'. Let Il = (¥, F, Opt), Il' = (¥, F', Opt),
and II= = II, but in which we want to find all possible function values. Then Il xxypp II' and

II xypp II=.
This leads to the following useful lemma.

Lemma A4: Let ¥ be a family of feasible sets and F a family of r-criteria functions that is quasi-

closed under scaling and under box constraints. Let II' be a feasibility or optimization problem that
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has a VPP algorithm or an optimization problem that has an FPTAS. If (¥, F, Feas) ocypp I’ or
(U, F,Opt) xypp II', then (¥, F,Opt) has an FPTAS.

Proof: If I’ is an optimization problem that has an FPTAS, then by Theorem 1 it has a VPP

algorithm. So in all cases, II' has a VPP algorithm.

If (U, F,Feas) ocypp I, then by Lemma A3, (¥, F,Opt) occypp II' as well; so under either
reduction assumption, (¥, F, Opt) has a VPP algorithm. Theorem 2, then, implies that (¥, F, Opt)
has an FPTAS. O

Proving that Problems are Hard Using VPP Reductions

This section examines the other side of the coin and illustrates one way to use VPP reductions
to prove that problems are difficult. The discussion begins with a general setting; then a specific
parameter choice is made in order to prove that certain problems cannot have VPP algorithms.

For a different approach and discussion of strong N P-hardness see Garey and Johnson (1979).

Let 8 be a set of integers of interest for instances of a problem II. In the present setting, an

appropriate choice for § will be seen to be V, the set of possible objective function values.

Definition A2: Let p(-) be a single-variable polynomial. The problem Ilg, is the restriction of
the problem II to those instances in which the integers in 3 are bounded by the function p(-) of the
instance length, that is, IIg, = {I € I1 : Vb € 8,b < p(L(I))}.

Definition A3: A problem II is §-strongly N P-hard if, for some polynomial p(:), the problem Ilg ,
is N P-hard.

This definition generalizes a variety of past work. If 3 is the set of all the integers that appear in
the instance, then S-strong IV P-hardness is the same as strong N P-hardness. On the other hand,

if 3 =0, then 3-strong N P-hardness is the same as ordinary N P-hardness.

Recall that if P ## NP, then no N P-hard problem has a polynomial time algorithm, and no
strongly N P-hard problem has a pseudo-polynomial time algorithm (Garey and Johnson, 1978).

In the same vein, the following theorem shows that the appropriate choice for the present context

51



isp="V.

Theorem A1l: If a problem II is V-strongly N P-hard, then II has no VPP algorithm unless
P=NP.

Proof: Since II is V-strongly NP-hard, there is a polynomial p(-) such that Iy, is NP-hard.
Suppose that II can be solved by a VPP algorithm .A; then A solves instances I € Ily, in polynomial
time, since M,(I) € O([L(I)]*), for some k € Z*. But Ily, is NP-hard, so such an algorithm A
can exist only if P = NP. [

Once a problem has been shown to be V-strongly N P-hard, VPP reductions can be used to
prove that other problems have this property. We state this formally in the next theorem. First,
the lemma below shows that the magnitudes of the values that occur in constructed instances are

not too large.

Lemma A5: Let II and IT' be problems such that IT cy pp IT', and let A be a reduction algorithm
that calls an algorithm A’ for II'. Suppose that while A is solving some I € II, it calls A’ to solve

some I' € II'. The the largest value of I’ is polynomial in both the length and the largest value of
I, that is, M,(I') € O([L(I) x M,(I)]*), for some k € Z~.

Proof: By contradiction. [J

Theorem A2: Let IT and II' be two problems. If IT is V-strongly N P-hard and II <y pp II', then
IT' is also V-strongly N P-hard.

Proof: Let A be a VPP reduction algorithm for solving II that calls an algorithm A’ for II'. Since
IT is V-strongly N P-hard, there is a polynomial p;(-) such that Iy, is NP-hard. Let I € IIy,,,
and suppose that while A is solving I, it calls A’ to solve some I’ € II'. Then there are polynomials

p2(-) and p3(-) such that

My (I') < pa(L(T) x My(I)) < pa(L(I) x p1(L(I))) < p3(L(I))

Assume for the moment that L(I) € O([L(I')]¥), for some k € Z*. Then for some polynomial

pa(+), My(I') < pa(L(I')). This holds for all I for which A’ is called, so Iy, cypp Iy,
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Since M,(I) < pi(L(I)), however, the algorithm A runs in time polynomial in L(I); it is
therefore also the case that Ily,, ot H'V’m, where o« denotes polynomial time Turing reducibility
(see Garey and Johnson, 1979, section 5.1). But Iy, is N P-hard, so HIV,p4 is also N P-hard, and

hence IT' is V-strongly N P-hard.

The proof depends on the assumption that L(I) € O([L(I")]*), for some k € Z7; this means
that the length of the constructed instance I’ is not much shorter that the length of the original
instance I. The description of I’ can be padded with enough blanks so that this is true, so the

assumption can be made without loss of generality. O
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